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Algebra III - Abstraktna algebra

1. (a) Denote by S a set of size n ∈ N. Explain (and compute the number) on how many of
ways we can define binary operation on S! (30%)

(b) Show that all matrices of the following form[
cosα − sinα
sinα cosα

]
, α ∈ R

will form a group with respect to the (ordinary) matrix product. (70%)

2. We have the following permutations

α =

(
1 2 3 4
2 3 4 1

)
, β =

(
1 2 3 4
1 3 2 4

)
, γ =

(
1 2 3 4
2 1 4 3

)
, δ =

(
1 2 3 4
3 1 2 4

)
.

(a) Write all given permutations as product of disjoint cycles. (10%)

(b) Write all given permutations as a product of 2-cycles (that is as a product of transpositions).
(10%)

(c) Compute αβ, βα, α−1β, βα2, (αβ)−2, αβα3, γ−1βγ−1 and γβ2α. (80%)

3. (a) Find all left cosets of the subgroup 〈4〉 in group Z12 and write down Cayley table for
Z12/〈4〉. (40%)

(b) If there exists, find nontrivial homomorphism ϕ : Z12 → Z4. (60%)

4. Dihedral group G = D6 acts in a natural way on regular 6-gon, which vertices we will denote
by X = {1, 2, 3, 4, 5, 6}. Same action is true for subgroups H = 〈ρ〉, K = 〈τ〉 and L = 〈τρ〉 where
ρ = (123456) and τ = (26)(35).

(a) Find all orbits of actions of G, H, K and L on X!

(b) Recall: Action is transitive, if for any x1, x2 ∈ X, there exists g ∈ G such that x1 = g ∗ x2.
Explain which actions of G, H, K and L are transitive!

(c) Recall: Action is faithful, if ∀g ∈ G : g ∗ x = x ∀x ∈ X ⇒ g = e. Is action of G on X faithful?
What about the other actions?

Instructions: Please, write your solutions only with ink or ballpoint pen in blue or black colour.
You must return this sheet of paper together with your solutions. You can use calculator. All pages
with your solutions must be marked in the following way: ”page-number/number-of-pages”.


