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CONVOLUTIONAL CODES

An (n, k,d) convolutional code C is a non-zero Fg[x]-submodule of rank
k of Fg[x]".

A codeword is a vector c(x) = (p1(x), ..., pa(x)) € C, pi(x) € Fq[x].
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CONVOLUTIONAL CODES

An (n, k, ) convolutional code C is a non-zero Fq[x]-submodule of rank
k of Fg[x]".

A codeword is a vector c(x) = (p1(x), ..., pa(x)) € C, pi(x) € Fq[x].

If g1(x),...,8k(x) is a basis of C, then a generator matrix for C is
g1(x)
Gx)=1
8k(x)

Assume deg(g1(x)) > deg(g2(x)) = ... deg(gk(x)).

The internal degree ¢ is the largest degree of a maximal minor of G(x).
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CONVOLUTIONAL CODES

An (n, k, ) convolutional code C is a non-zero Fq[x]-submodule of rank
k of Fg[x]".

A codeword is a vector c(x) = (p1(x), ..., pa(x)) € C, pi(x) € Fq[x].

If g1(x),...,8k(x) is a basis of C, then a generator matrix for C is
g1(x)
Gx)=1
8k(x)

Assume deg(g1(x)) > deg(gz(x)) > ... deg(g(x)).
The internal degree ¢ is the largest degree of a maximal minor of G(x).

C is non-catastrophic if G(x) has a right inverse with entries in Fq[x].
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SUPPORT AND WEIGHT
Definition
The support of p(x) = 27:0 ajx) is supp(p(x)) = {¥' | a; # 0}.

The support of c(x) = (pi(x), ..., pa(x)) € Fq[x]", pi = Zj.iigo(p") a;jx’, is

supp(c(x)) = {(0,...,0,%/,0,...,0) | a; # 0}.
~—— ~——
i—1 n—i

The weight of c(x) is wt(c(x)) = |supp(c(x))].
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SUPPORT AND WEIGHT
Definition
The support of p(x) = 27:0 ajx) is supp(p(x)) = {¥' | a; # 0}.

The support of c(x) = (p1(x), ..., pa(x)) € Fglx]", pi = X35 a;xd, is

supp(c(x)) = {(0,...,0,%/,0,...,0) | a; # 0}.
~—— ~——
i—1 n—i

The weight of ¢(x) is wt(c(x)) = [supp(c(x))]-

Example

c(x) = (0,1,1 + x?) € Fa[x]® has
supp(c(x)) = {(0,1,0),(0,0,1),(0,0,x?)} and wt(c(x)) = 3.
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SUPPORT AND WEIGHT

Definition

The support of p(x) = 27:0 ajx) is supp(p(x)) = {¥' | a; # 0}.

The support of c(x) = (p1(x), ..., pa(x)) € Fglx]", pi = X35 a;xd, is

supp(c(x)) = {(0,...,0,%/,0,...,0) | a; # 0}.

The weight of c(x) is wt(c(x)) = |supp(c(x))].

The free distance (or minimum distance) of C is

dfree(C) = min{wt(c(x)) | c(x) € C\ {0}}.

Example

c(x) = (0,1,1 + x?) € Fa[x]® has
supp(c(x)) = {(0,1,0),(0,0,1),(0,0,x?)} and wt(c(x)) = 3.
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SUPPORT AND WEIGHT

Definition

The support of p(x) = 27:0 ajx) is supp(p(x)) = {¥' | a; # 0}.

The support of c(x) = (p1(x), ..., pa(x)) € Fglx]", pi = X35 a;xd, is

supp(c(x)) = {(0,...,0,%/,0,...,0) | a; # 0}.

The weight of c(x) is wt(c(x)) = |supp(c(x))].

The free distance (or minimum distance) of C is

dfree(C) = min{wt(c(x)) | c(x) € C\ {0}}.

Example

c(x) = (0,1,1 + x?) € Fa[x]® has
supp(c(x)) = {(0,1,0),(0,0,1),(0,0,x?)} and wt(c(x)) = 3.
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GENERALIZED HAMMING WEIGHTS

Definition

A linear block code is a linear subspace C C IFZ.

The Hamming support of ¢ = (c1,...,¢p) is supp(c) = {i | ¢; # 0}.

This coincides with the support of ¢ regarded as an element of Fq[x]".
The Hamming support of D C C is supp(D) = Uc(x)eD supp(c(x)).
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GENERALIZED HAMMING WEIGHTS

Definition
A linear block code is a linear subspace C C IFZ.
The Hamming support of ¢ = (c1,...,¢p) is supp(c) = {i | ¢; # 0}.

This coincides with the support of ¢ regarded as an element of Fq[x]".
The Hamming support of D C C is supp(D) = UC(X)ED supp(c(x)).

Definition (Helleseth, Klgve, Mykkeltveit)

The r-th generalized (Hamming) weight of C C Fy is

d"(C) := min{|supp(D)| : D C C,dim(D) = r}, 1< r <dim(C).
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GENERALIZED HAMMING WEIGHTS

Definition
A linear block code is a linear subspace C C IFZ.
The Hamming support of ¢ = (cy,...,¢cp) is supp(c) = {i | ¢; # 0}.

This coincides with the support of ¢ regarded as an element of Fq[x]".
The Hamming support of D C C is supp(D) = UC(X)ED supp(c(x)).

Definition (Helleseth, Kigve, Mykkeltveit)
The r-th generalized (Hamming) weight of C C Fy is

d"(C) := min{|supp(D)| : D C C,dim(D) = r}, 1< r <dim(C).
Generalized weights are invariants of codes, they sometimes allow us to

distinguish nonequivalent codes. They measure worst-case security drops
of a linear coding scheme for a wire-tap channel.
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GENERALIZED HAMMING WTS OF CONV’L CODES

C an (n, k,d) convolutional code.

The support of D C C is supp(D) = Uc(x)ep supp(c(x)).
Definition (Rosenthal, York)

The r-th generalized Hamming weight of C, r > 1

d"(C) = min{|supp(D)| : D C C an F,-linear subspace, dim(D) = r}.

They amount to regarding C C Fq[x]" as a linear block code of infinite
dimension and considering its generalized Hamming weights.
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GENERALIZED HAMMING WTS OF CONV’L CODES

C an (n, k,d) convolutional code.
The support of D C C is supp(D) = Uc(x)ep supp(c(x)).
Definition (Rosenthal, York)

The r-th generalized Hamming weight of C, r > 1

d"(C) = min{|supp(D)| : D C C an F,-linear subspace, dim(D) = r}.

They amount to regarding C C Fq[x]" as a linear block code of infinite
dimension and considering its generalized Hamming weights.
Properties (Wei - Rosenthal, York):

* df(C) = dree(C),

e df(C) < dff4(C) for r > 1.
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EXAMPLE

Example
C= <(17 07 0)7 (Oa 17 1+ X)>Fq[x] has

e D= <(170? 0)>qu SUpp(Dl) = {(170’0)} e le(C) =1

D> = ((1,0,0),(x,0,0))r,.
supp(D2) = {(1,0,0),(x,0,0,)} ~ di(C) =2

-0 < ,
supp(D;) = {(1,0,0), (x,0,0),...,(x1,0,0)} ~ dH(C)=r
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EXAMPLE

Example
C =((1,0,0),(0,1,1 + x))p,[x has
® Dy ={((1,0,0))r,, supp(D1) = {(1,0,0)} ~ df'(C)=1
* D, =((1,0,0),(x,0,0))r,,
supp(D2) = {(1,0,0),(x,0,0,)} ~ df/(C) =2

-0 < ,
supp(D;) = {(1,0,0), (x,0,0),...,(x1,0,0)} ~ dH(C)=r

Remark
If a convolutional code C has df’(C) = 1, then d(C) = r, for all r > 1.
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(GENERALIZED WEIGHTS OF CONVOLUTIONAL CODES

C an (n, k,0) convolutional code
Naive definition

The r-th generalized weight of C, 1 < r < k = rk(C)

dr(C) = min{|supp(D)| : D C C is a submodule of rk(D) = r}.

The support of U C C is supp(U) = U (xyeu supp(c(x)).



Convolutional codes Generalized weights Properties

MDS convolutional codes
Q0 000e00 000

Optimal anticodes
000

0000

(GENERALIZED WEIGHTS OF CONVOLUTIONAL CODES

C an (n, k,0) convolutional code
Naive definition

The r-th generalized weight of C, 1 < r < k = rk(C)

dr(C) = min{|supp(D)| : D C C is a submodule of rk(D) = r}.

The support of U C C is supp(U) = U (xyeu supp(c(x)).
Rmk: If D C C is a submodule, then supp(D) has infinite cardinality.
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(GENERALIZED WEIGHTS OF CONVOLUTIONAL CODES

C an (n, k,0) convolutional code
Naive definition

The r-th generalized weight of C, 1 < r < k = rk(C)

dr(C) = min{|supp(D)| : D C C is a submodule of rk(D) = r}.

The support of U C C is supp(U) = U (xyeu supp(c(x)).
Rmk: If D C C is a submodule, then supp(D) has infinite cardinality.

Definition
The weight of C is

wt(C) = min{|supp({g1,-.-,8«})| : &1,.-.,8k are a basis of C}.
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(GENERALIZED WEIGHTS OF CONVOLUTIONAL CODES

C an (n, k,0) convolutional code
Definition (G., Salizzoni)

The r-th generalized weight of C, 1 < r < rk(C)

dr(C) = min{wt(D) | D C C is a submodule of rk(D) = r}.

The support of U C C is supp(U) = U (x)eu supp(c(x)).
Rmk: If D C C is a submodule, then supp(D) has infinite cardinality.

Definition
The weight of C is

wt(C) = min{|supp({g1,-.-,8«})| : &1,...,8k are a basis of C}.
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Example
C1 ={(1,0,0),(0,1,1+ X)>]Fq[x] has

® supp(l,0,0) = {(170,0)} and Wt(<(17070)>Fq[x]) =1 ~ dl(Cl) =1,

® supp(l, 0, O) ) supp(07 1,1+ X) = {(17 0, O)v (Ov i O)» (0707 l)a (070,X)} and
Wt(Cl) =4 ~ dz(cl) =4,

e dH(C1)=rforall r>1.
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Example
Ci1 = <(1, 0, 0), (0, 1,1+ X)>]Fq[x] has

® supp(1,0,0) = {(1,0,0)} and wt({(1,0,0))r, 1)) =1 ~ di(C1) =1,

hd supp(l, 0, 0) ) supp(07 1,1+ X) = {(17 0, O)v (07 1, 0)7 (0707 1), (070,X)} and
Wt(Cl) =4 -~ dZ(Cl) =4,

e dH(C))=rforallr>1.
Example
Cz = <(1, 07 0), (0, 17 0)>]Fq[x] has
L4 d1(C2) =1 and d2(62) =2,

e dH(C1)=rforall r>1.
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Example
Ci1 = <(1, 0, 0), (O, 1,1+ X)>]Fq[x] has

® supp(1,0,0) = {(1,0,0)} and wt({(1,0,0))r, 1)) =1 ~ di(C1) =1,

hd supp(l, 0, 0) ) supp(07 1,1+ X) = {(17 0, O)v (07 1, 0)7 (0707 1), (070,X)} and
Wt(Cl) =4 -~ dZ(Cl) =4,

e dH(C))=rforallr>1.
Example
Cz = <(1,0,0), (0, 170)>]Fq[x] has
L4 d1(C2) =1 and d2(C2) =2,
e dH(C))=rforall r>1.

C1 and C, can be distinguished by looking at di, d», but not dff, d’.
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(GENERALIZED WEIGHTS OF LINEAR BLOCK CODES

C C Fy linear block code

C = C®r, Fy[x] € Fqy[x]" is a convolutional code with rk(C) = dim(C)
Theorem (G., Salizzoni)

d,(C) = dH(C) for 1 < r < dim(C)
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(GENERALIZED WEIGHTS OF LINEAR BLOCK CODES
CC Fg linear block code

C = C®r, Fy[x] € Fqy[x]" is a convolutional code with rk(C) = dim(C)
Theorem (G., Salizzoni)

d,(C) = dH(C) for 1 < r < dim(C)

Example

C =((1,0,0),(0,1,1))r, € F3 has C = ((1,0,0),(0,1,1))p [ C Fq[x]
and

e d1(C)=df'(C) =1 and da(C) = d(C) =3,
e d(C)=rforall r>1.

In particular, d§’(C) # d¥(C).
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BASIC PROPERTIES

D C C C Fy[x]" convolutional codes, rk(C) = k

hd dl(C) free( )
® di(C) < db(C) < ... < dk(C),
® d(D)>d (C)for1<r<rk( ),

di(C) < n(deg(g1(x)) +1),
d,(C) < n(deg(g1(x)) +1) —k+rfor 1 < r <k,

® isometric codes have the same generalized weights.

Definition

C,D C F4[x]" convolutional codes are isometric if there is an

isomorphism of Fg[x]-modules ¢ : C — D such that
wt(c(x)) = wt(p(c(x))) for all ¢(x) € C.
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Definition

The dual of C C Fy[x]" is

Ct = {d(x) € F[x]" | d(x) - c(x) = 0 for all c(x) € C}.
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DuALITY
Definition
The dual of C C Fy[x]" is
Ct = {d(x) € F[x]" | d(x) - c(x) = 0 for all c(x) € C}.

C C (C1)*L. If C is non-catastrophic, then (C1)* = C.
Do the generalized weights of C determine those of C+?
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DUALITY
Definition
The dual of C C Fy[x]" is
Ct = {d(x) € F[x]" | d(x) - c(x) = 0 for all c(x) € C}.

C C (CH)*. If C is non-catastrophic, then (C1)+ =C.
Do the generalized weights of C determine those of C+?
Example

Ci={14+x,14x,1,0))p JIx] Cr = ((1+ x, 1,1,1)) x] have
dl(C ) = d1(C2) =5, but dl(CL) =1 and d]_(C2 ) =
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Definition

The dual of C C Fy[x]" is
Ct = {d(x) € F[x]" | d(x) - c(x) = 0 for all c(x) € C}.

C C (CH)*. If C is non-catastrophic, then (C1)+ =C.
Do the generalized weights of C determine those of C+?

Example

Ci={14x,1+ x, 1,0)>Fq[X],C2 (1+x,1,1 1)) X] have
dl(Cl) = d1(C2) =5, but dl(Cl ) =1 and d]_(C2 ) =
Proposition (G., Salizzoni)

C C IFg linear block code, C = C ®r, Fq[x] C Fq[x]".
The generalized weights of C determine those of C*-.
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THE REVERSE CODE
Definition

The reverse of c(x) € Fy[x]" \ {0} is rev(c(x)) = xde&(c())¢ ().

Example

c(x) = (x* +2x +3,1,2x + 1) € F5[x]3, deg(c(x)) = 2 and

1 2 2
revic(x)) = x> = +=+3,1,= + 1) = (1 4+2x+3x%, x2,2x + x?).
X2 x X
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THE REVERSE CODE
Definition

The reverse of c(x) € Fy[x]" \ {0} is rev(c(x)) = xde&(c())¢ ().
The reverse code of C C Fg[x]" is

rev(C) = (rev(c(x)) | c(x) € C\ {0}z,

Example

c(x) = (x* +2x +3,1,2x + 1) € F5[x]3, deg(c(x)) = 2 and

1 2 2
revic(x)) = x> = +=+3,1,= + 1) = (1 4+2x+3x%, x2,2x + x?).
X2 x X
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THE REVERSE CODE
Definition
The reverse of c(x) € Fy[x]" \ {0} is rev(c(x)) = xde&(c())¢ ().

The reverse code of C C Fg[x]" is

rev(C) = (rev(c(x)) | c(x) € C\ {0}z,

Example
c(x) = (x* +2x +3,1,2x + 1) € F5[x]3, deg(c(x)) = 2 and

1 2 2
rev(c(x)) =x*( 5 + = +3,1,= +1] = (1+2x+3x% x%,2x + x?).
x2  x X

Theorem (G., Salizzoni)
dr(C) = d,(rev(C)) for 1 < r < rk(C)
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MDS CONVOLUTIONAL CODES

C an (n, k,0) convolutional code
Theorem (Singleton bound — Rosenthal, Smarandache)

dfree(C) < (n— k) (| 2] +1) +6+1.

Definition

A Maximum Distance Separable (MDS) code is a code that meets the

Singleton bound.
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MDS CONVOLUTIONAL CODES

C an (n, k,0) convolutional code
Theorem (Singleton bound — Rosenthal, Smarandache)

dfree(C) < (n— k) (| 2] +1) +6+1.

Definition

A Maximum Distance Separable (MDS) code is a code that meets the

Singleton bound.

Theorem (G., Salizzoni)

Let C be an (n, k,5) MDS convolutional code, 1 < r < k.
® Ifk=n, thend,(C)=0+r.
® Ifk |4, then d,(C) = (n—k) (S +1) +d+r.
® Ifktd, then d,(C) < (n—k) ([2] +2) +6+r.
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EXAMPLE

Let n=3,k=2,0 =1. If C is MDS, then
b dl(c) = dfree(c) =3,

¢ 4=di(C)+1<b(C)<(n—k) (|2]+2) +5+k=5.
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EXAMPLE

Let n=3,k=2,0 =1. If C is MDS, then

® di(C) = dree(C) = 3,

* 4=d(C)+1<b(C)<(n—k)(|2]+2)+5+k=5.
Consider the two (3,2,1) MDS convolutional codes:

C1= <(2X,X +1,x+ 1), (1, 172)>Fq[x]
C = <(2X,X + 1,0), (1, 1, 2)>1Fq[x]
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EXAMPLE

Let n=3,k=2,0 =1. If C is MDS, then
b dl(c) = dfree(c) =3,

¢ 4=di(C)+1<b(C)<(n—k)(|2]+2)+5+k=5.

Consider the two (3,2,1) MDS convolutional codes:

C1= <(2X,X +1,x+ 1), (1, 172)>Fq[x]
C = <(2X,X + 1,0), (1, 1, 2)>1Fq[x]

® di(C1) = di(C2) =3,

L4 dz(cl) =5, while d2(C2) =4,
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A (SOMETIMES) TIGHTER BOUND

C C Fy[x]" ~ C[0] = {c(0) | c(x) € C} C Ty linear block code
Theorem (G., Salizzoni)

C an (n, k,0) MDS convolutional code, 6 = k [%] —awith0 < a< k.
Then

d,(C) = (n— k) (m +1) +o+rforl<r<a
and
dasr(C) < (n— k) Q%J + 1) +6 + a+ min {d,”(C[O]), d,H(rev(C)[O])}

forl1<r<k-a.
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A (SOMETIMES) TIGHTER BOUND

C C Fy[x]" ~ C[0] = {c(0) | c(x) € C} C Ty linear block code
Theorem (G., Salizzoni)

C an (n, k,0) MDS convolutional code, 6 = k [%] —awith0 < a< k.
Then

d,(C) = (n— k) (m +1) +o+rforl<r<a
and
dasr(C) < (n— k) Q%J + 1) +6 + a+ min {d,”(C[O]), d,H(rev(C)[O])}
forl1<r<k-a.

Question: Can this bound be improved?
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ANTICODE BOUND
Definition
C an (n, k,0) convolutional code, D C C an Fg-linear subspace

maxwt(D) = max{wt(d(x)) | d(x) € D}
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ANTICODE BOUND
Definition
C an (n, k,0) convolutional code, D C C an Fg-linear subspace
maxwt(D) = max{wt(d(x)) | d(x) € D}
maxwt(C) = min{maxwt(D) | dim(D) = rk(D ®p, Fq[x]) = k}
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ANTICODE BOUND
Definition
C an (n, k,0) convolutional code, D C C an Fg-linear subspace
maxwt(D) = max{wt(d(x)) | d(x) € D}
maxwt(C) = min{maxwt(D) | dim(D) = rk(D ®p, Fq[x]) = k}

Example
C =((1,1,0),(0,1,1))m,[x C Fa[x]3,

D1 = <(1, 1, O), (0, ]., 1)>]F2: D2 = <(1, ]., 0), (07 X,X)>]F2
have maxwt(D;) = 2 and maxwt(D,) = 4.
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ANTICODE BOUND
Definition
C an (n, k,0) convolutional code, D C C an Fg-linear subspace
maxwt(D) = max{wt(d(x)) | d(x) € D}
maxwt(C) = min{maxwt(D) | dim(D) = rk(D ®p, Fq[x]) = k}

Example

C =((1,1,0),(0,1,1))m,[x C Fa[x]3,
D1 = <(1, 1, O), (0, ]., 1)>]F2: D2 = <(1, ]., 0), (07 X,X)>]F2
have maxwt(D;) = 2 and maxwt(D,) = 4.

Theorem (Anticode bound — G., Salizzoni)

rk(C) < maxwt(C)
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OPTIMAL ANTICODES

Definition

An optimal anticode is a code that meets the anticode bound.
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Definition

An optimal anticode is a code that meets the anticode bound.
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OPTIMAL ANTICODES

Definition

An optimal anticode is a code that meets the anticode bound.

Example

C =((1,1,0),(0,1,1))r, € F2[x]? is an optimal anticode, since
C =((1,1,0),(0,1,1))r, has dim(C) = maxwt(C) = 2 and

C ®r, Fo[x] =C.

Theorem (G., Salizzoni)

C an (n, k,d) convolutional code.
o Ifd,(C) =r for1 < r <k, then C is an optimal anticode.
e If C is an optimal anticode and q # 2, then d,(C) = r for 1 < r < k.
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OPTIMAL ANTICODES

Definition

An optimal anticode is a code that meets the anticode bound.

Example

C =((1,1,0),(0,1,1))r, € F2[x]? is an optimal anticode, since
C =((1,1,0),(0,1,1))r, has dim(C) = maxwt(C) = 2 and

C ®r, Fao[x] = C. However, di(C) =2, d»(C) = 3.

Theorem (G., Salizzoni)

C an (n, k,d) convolutional code.
o Ifd,(C) =r for1 < r <k, then C is an optimal anticode.
e If C is an optimal anticode and q # 2, then d,(C) = r for 1 < r < k.
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ELEMENTARY OPTIMAL ANTICODES

Example

A code in Fy[x]" with basis elements of the form (0,...,0,x/,0,...,0) is
an optimal anticode, which we call elementary optimal anticode.
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ELEMENTARY OPTIMAL ANTICODES

Example

A code in Fy[x]" with basis elements of the form (0,...,0,x/,0,...,0) is
an optimal anticode, which we call elementary optimal anticode.

Example

C = ((1,x), (x,0))r,[x is an optimal anticode, but not an elementary
optimal anticode.

C D {(0,x?), (x,0))r,[x] an elementary optimal anticode.
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ELEMENTARY OPTIMAL ANTICODES

Example

A code in Fy[x]" with basis elements of the form (0,...,0,x/,0,...,0) is
an optimal anticode, which we call elementary optimal anticode.
Example

C = ((1,x), (x,0))r,[x is an optimal anticode, but not an elementary
optimal anticode.

C D {(0,x?), (x,0))r,[x] an elementary optimal anticode.

Theorem (G., Salizzoni)

C an (n, k,d) convolutional code. C is an optimal anticode if and only if
there exists an elementary optimal anticode A C C s.t. rk(A) = k.
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DuaLiTy
Theorem (G., Salizzoni)

Let g # 2. The dual code of an optimal anticode is an elementary optimal
anticode generated by vectors of the standard basis of Fg.
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DUALITY

Theorem (G., Salizzoni)

Let g # 2. The dual code of an optimal anticode is an elementary optimal
anticode generated by vectors of the standard basis of Fg.

Example

C=((1,1,0),(0,1,1))p,x € Fo[x]3 is an optimal anticode, while
Ct =((1,1,1))m,[x € F2[x]* is not an optimal anticode.
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DUALITY

Theorem (G., Salizzoni)

Let g # 2. The dual code of an optimal anticode is an elementary optimal
anticode generated by vectors of the standard basis of Fy.

Example

C=((1,1,0),(0,1,1))p,x € Fo[x]3 is an optimal anticode, while
Ct =((1,1,1))m,[x € F2[x]* is not an optimal anticode.

Theorem (G., Salizzoni)

C C Fg a linear block code, C = C ®r, Fq[x] C Fq[x]".
C is an optimal anticode if and only if C is an optimal anticode.

The pathologies for ¢ = 2 come directly from linear block codes.
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Theorem (G., Salizzoni)

Let g # 2. The dual code of an optimal anticode is an elementary optimal
anticode generated by vectors of the standard basis of Fy.

Example

C=((1,1,0),(0,1,1))p,x € Fo[x]3 is an optimal anticode, while
Ct =((1,1,1))m,[x € F2[x]* is not an optimal anticode.

Theorem (G., Salizzoni)

C C Fg a linear block code, C = C ®r, Fq[x] C Fq[x]".
C is an optimal anticode if and only if C is an optimal anticode.

The pathologies for ¢ = 2 come directly from linear block codes.

Thank you for your attention!
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