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Waring’s problem

For each natural number I, does there exist a FQSLEW@.
integer s such that every natural number is the sum of at
most s nakural numbers raised to the power b ?
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For each natural number I, does there exist a FQSLEW@.
integer s such that every natural number is the sum of at
most s natural numbers raised to the power 17

FOWr=—=s q Fheo & v (Lﬁg T MS e-1 ?70)
Every natural number is the sum of ot most 4 squares.
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For each natural number I, does there exist a Fos&%&va
integer s such that every natural number is the sum of at
most s natural numbers raised to the power 17

Hilbert-War ing theorem (Hil bert-1909)

s = g(k)

g(2) = 4 Lagrange (1770) T

2(3) = 9 Wieferich and Kempher (1909/12) 2(5) = 37 Chen (1964)

g(4) = 19 Balasubramanian, Dress 2(6) =73 Pillai (1940)
Peshhouillers (19%&)



Waring’s problem for polynowials

F — aigebraicattj closed field of characteristic 0

FIXy, ..., X | ; = vector space c;wf hcmagemeous Fcivmammi.s
of deqree d in n+ 1 variables over F



Waring’s problem for polynowials

F — algebraically closed field of characteristic 0

F[Xp, .-, X,lqg = vector space of homogeneous polynomials
of deqree d in n+ 1 variables over F

Determine the minimum integer s such that the
deqree d homogeneous polynomial P in F|X,, ..., X |; is
the ¢
P = L4k S
where L. =ayXy+ ... +a, X € FHX,, ..., X ]



Waring’s problem for polynowials

?Y‘C}b Levw ‘ |
Determine the minimum integer s such that the
deqree d homogeneous polynomial P in F[Xg, ..., X, ], Us
the ' ¢
P= L0 kS
where L =ayXy+ ... +a, X, € FHX,y, ..., X, ]

r aind Hirschowilkz i 1998

Problem solved by Alexande



Waring’s problem for polynowials

Problem (in te NSors)

rms of svmm%rw ke

V - vector space over [ .
RV = vector space of wulkilinear functions (VV)4 - F
— Vi, ..., v, EVY

d
V® ...V, (Uy,..., U, € Ve > Hvl-(ul-) c -
=

= mininmum number of pure tensors
r@.quir@.c& to express T as their sum
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Waring’s problem for polynowials

Problem (in terms of symmetric tensors)

O & Sd
O'(Vl X ... Vd) s V(;(1) ® . Vo(d)
Action extended to ®4V
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Waring’s problem for polynowials

Problem (M te

rms of symm%rw tensors)

cES,
o(V; @ ... @ Vy) = Vg ®..8 Veo(d)
Action extended ko ®4V
— tensor left tnvariant bv this action

of S,
Symd(V) = vector space of svmmeéna tensors

NG Y = v ...V
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Waring’s problem for polynowials

Problem (in ke

NSOTS )

rms of symmebric ke

SymA V) e————F[X,, ..., X
o )‘Polo\riz.a%mm [_ y nla
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Waring’s problem for polynowials

NSOTS )

Problem (in terms of symmetric te

Symé4(V) e—— s F[X,, ... X
1 ( )‘Polo\riz.o&mm [_ y nla
?T‘Qb Llevw
Determine the minimum integer 5 such that the

tensor T in Sym%4V) can be written as the
¢
1 = vf" + ...+ V¢

S
le\ﬁr@. Vi — V\/
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Waring’s problem for polynowials

NSOTS )

Problem (in terms of symmetric te

SymAV) €———=wF[ X 1 X
e ( )‘Polo\riz.a%mm [_ y nla
‘Prc}bim
Determine the minimum integer 5 such that the
tensor T in Sym%4V) can be written as the
¢
1 = vf + ...+ V¢

\)

s=Waring rank

M!’\Qré Vl' — V\/
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Waring’s problem for polynowials

NSOTS )

Problem (in terms of symmetric te

Sym* V) e—————F[X.. ... X
yms )‘Polo\riz.a%mm [_ y nla

‘Prc}bim
Determine the minimum integer 5 such that the

tensor T in Sym%4V) can be written as the
¢

T=vf+...+vsd

Vv
where v, € V Waring ciﬁaomyosiﬁom

s=Waring rank
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Waring’s problem for polynowials

NSOTS )

Prob

lem (in terms of symmetric te

Sym* V) e—————F[X.. ... X
ym )‘Polo\riz.a%mm [_ y nla

‘Prc}bim
Debermine the ww T is Waring &d@hﬁﬂfi&bi@; Lﬂf Ehis \e
' deaampus&?:mm Ls unique

?
T=vf+...+vsd

Vv
where v, € V Waring ciﬁaomyosiﬁom

tensor 1T tn Sym
s=Waring rank



Waring’s problem for polynowials

VAT "

Veronese ma; v, of deqgree d
v, (Xg, .0, x) EP > (L, x0, ) e PY

runs over all the monomials of deqree d and

(n+d)
A— — |
d

where x’



Waring’s problem for polynowials

Veronese map 1, of degree d
v (Xg, .., x) EP > (L,xl, ) e PY
runs over all the monomials of deqree d and

n+d
N = ( ) i
d
V,a = vy(P") is a projective algebraic variety

degree of V, , =d"

J

where x
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Waring’s problem for polynowials

(Symd([:n+1))

Veronese variety V, ,
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Waring’s problem for polynowials

(Symd([:n+1))
[ 7] Sjmm&r&t tensor

[LY] Pure svmmeﬂrw Fewnsor

Veronese variety V, ,



Waring’s problem for polynowials

X 1) or P(Symé(F'th))

of T = V, ;rank of [T]
= the minimum dimension of
a subspace spanned by the

points of V, ; containing [T]

Veronese variety V, ,



Waring’s problem for polynowials

X 1) or P(Symé(F'th))

T of rank k =

Veronese varie%v \ (P, ... PNV, = {P,...,P}
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M. Lavrauw and FZ: Waring identifiable subspaces over finite fields,
arXiv:22071345

o C PMF) where F is any fleld

S C PM(F) subs[po\c:e
warb, o i itk is spanned by points of o

wrb & i ik is contained in a unigue
\Y

Waring subspace of minimal dimension # |

wr b I = Waring subspate + Waring
identifiable



Waring subspaces over finite fields

M. Lavrauw and FZ: Waring identifiable subspaces over finite fields,
arXiv:22071345

o C PMF) where F is any fleld

S C PY(F) subs[mc:e
warb, o i ik is spanned by points of o

wrb & i ik is contained in a unigue
\Y

Waring subspace of minimal dimension # |

E. Ballico, A. Bernardi, MV Ca’f‘alisanb and L. Chiav‘i’rini: Grassmann 9

Ldentsecants, identifiability and linear systewms of tensors, Linear Algebra Appl.
438 (2013), 121-135.
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o C PMF) where F is any fleld

Waring Waring
subspaces ldentifiable
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Waring subspaces over finite fields

£ xan " = o= ,. ene
v ( C)
o _’ Identifiable Waring
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Waring subspaces over finite fields

£ xan , V@ 7 o ,.. eine

Not Waring Identifiable
Nobk Waring subspace




Waring subspaces over finite fields

£ xan

= A *;ii*;f g @Ine r&& e CONnLE N ok W&‘r EMS

' subspace

arng
identifiable




9

Waring subspaces over finite fields

£ xan
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Waring subspaces over finite fields

£ xanm ,.. - nown-deqgenerate
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P ([Fq)l qg =>4

Not Waring Identifiable
Nobk Waring subspace
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Waring subspaces over finite fields

| , _ e

Tdent fiable Waring
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Waring subspaces over finite fields
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Waring subspaces over finite fields

£ xan , V@ 7 o ,.. eine

2/ S
[P)([Fq)lq—B

Nok Waring Identifiable
Not Waring subspace
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Waring subspaces over finite fields

M. Lavrauw and FZ: Waring identifiable subspaces over finite fields,
arXiv:22071345

o C PMF) where F is any fleld
Aut(d) = group of collineations of PY(F) fixing o

Classification of subspaces w.rt.
Aut(sf)
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Waring subspaces over finite fields

M. Lavrauw and FZ: Waring identifiable subspaces over finite fields,
arXiv:22071345

o C PNE,
Aut(f) = group of collineations of | 5 ([:q) fix&vxg A

of o
W (X) = Z A ()X

A(H) = number of Aut(ﬂ)worb&s c:wf iI~dimensional Waring
subspaces
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Waring subspaces over finite fields

M. Lavrauw and FZ: Waring identifiable subspaces over finite fields,
arXiv:22071345

o C PNE,
Aut(f) = group of collineations of | 5 ([:q) fix&vxg A

Oﬂf e/
W I o(X) = Z ul( )X’

() = number of Aut()-orbits c;wf i-dinensional Waring
identifiable subspaces
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Waring subspaces over finite fields

M. Lavrauw and FZ: Waring identifiable subspaces over finite fields,
arXiv:22071345

o C PNE,
Aut(f) = group of collineations of | 5 ([:q) fix&vxg A

cwf e/
IW 4(X) = Z ()X’

n() = number of Aut(of)-orbits c:wf i-dinmensional
identifiable Waring subspaces
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Waring subspaces over finite fields

M. Lavrauw and FZ: Waring identifiable subspaces over finite fields,
arXiv:22071345

o C PNE,
Aut(f) = group of collineations of | 5 ([:q) fix&vxg A

Big Problem
For any o, find W (X)), W'T (X), SW 4(X)
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Waring subspaces over finite fields

M. Lavrauw and FZ: Waring identifiable subspaces over finite fields,
arXiv:22071345

o C PNE,
Aut(f) = group of collineations of | 5 ([:q) fix&vxg A

Big Problem
For any o, find W (X)), W'T o(X), TW 1(X)

& Aut(ef) ~ PGL(n + 1,9), g # 2
A = Vi 2([F61) Aut(of) ~ S, q =2
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Waring subspaces over finite fields

. — : N/ } n+2
A =V,,(F) CPYF,) where N= "~ ) =1

Theorem (LO\VI‘QMM“FTZJ ' e
If § is a subspace in PY(F,) spanned by the images of a

frame = & is an identifiable Waring subspace



Waring subspaces over finite fields

A =V, (F) C PN(

q S—

'*" (LO\VI‘QMM“FTZJ

If § is a subspace in [

>N([

2 (n+2
F,) where N = ( ) — 1
2

) stamv\e& bfj the imaqes of a

frame = & is an identifiable Waring subspace

Coro Ltocrj

There exist identifiable Waring subspaces of dimension
£ <n+ 1, equivalently n() > 1 for any 1 <i<n+1

12
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Waring subspaces over finite fields

, d =V 5(F) C P(F)
Theorem (L&VI‘QMM“F:Z») | '

I q#24=> IU X)) =1+X+X>+X
fg=2=> U 4X)=1+X+2X*+2X° + X*
g=4= W X=1+X+X>+X>+X*
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Waring subspaces over finite fields

o =V, 5(F) C P(F)

q

TL’\ L OTE i (L AV T O LEW= F-: z) ‘
IfQ#294=>jWﬂ(X)=1+X+X2+X3 ,
g=2= IWHX)=1+X+2X24+2X3 +x 5¢¢ Michels talk

1 4 = FUW o X)=1+ X+ X5+ X 4 X4 on Friday
o ‘f\l.%lnajjarine, M. Lav%uw, and T. Popiel: Solids in the space of the
Veronese surface in even characteristic. Finite Fields Appl. 83 (2022)
o N. Alnajjarine, M. Lavrauw: Planes intersecting the Veronese surface
in PG(9, q), q even, in preparation
@ M. lavrauw and T. Popiel: The symwetric representation of lines in
PG(F3® F3), Discrete Math. 243(4) (2020)

o M. Lavrauw, T. Popiel and J. Sheekey: Nets of conics of rank one in
PG(2,q), q odd, J. Geom. 111 (2020)
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Waring subspaces over finite fields

A = \/3,2([

) SPE)

n() > 1 for any P A



1.3

Waring subspaces over finite fields

o = Vy5(F,) C P(F,) = P(Sym*(F})

n(d) > 1 {:or any 1 S L
Theorem (L&Vf&t&w“ Z)
Let @ € F \{0, £ 1}, then

S = (e%®?, egg’z 2%, e2% (e, + €5+ €)%, v, W)

with v = (e, + we, + we, + w°e,)®* and
w = (e, + we, + e; + we,)®”
is an identifiable Waring su,bs[m«r:@. of dimension &
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Waring subspaces over finite fields

o = Vy5(F,) C P(F,) = P(Sym*(F})

n(d) > 1 {:or any 1 S L
Theorem (L&Vf&t&w“ Z)
Let @ € F \{0, £ 1}, then

S = (e%®?, egg’z 2%, e2% (e, + €5+ €)%, v, W)

with v = (e, + we, + we, + w°e,)®* and

w = (e, + we, + e; + we,)®”

is an identifiable Waring su,bs[m«r:@. of dimension &
() 2 1 for any 1 <i <6
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Waring subspaces over finite fields

o = Vs5(F,) € P(F,) = P(Sym (%))

n(d) > 1 for oy 1 <1 <6
Let o € Fq\{O,l,Z} a sQu&re in [, then
S = (22,692 e¥% %7, %2, (we, + €, + we;)®?, (Vwe, +1/we, + Vw'e,)®?)

M&&h o (el -+ 62 + E3 + 64)®2
is an identifiable Waring subspace of dimension &




Waring subspaces over finite fields

o =V;,(F) € P°(F) = P(Sym*“(F)))

n(A) > 1 for any <1 <65

Theorem (Lavraun—FZ) , ~ Thesetwo examples are
Let @ € F\{0, £ 1}, then . ' inequivalent!
S = (e®%,e%?, egg’z, 2%, (e, + €3+ €)%, v, W)

Mi&k \— (el —+ 6062 —+ 0)63 -+ 0)264)®2 &Md A A— (el -+ 0)62 + 63 -+ C()e4)®2
is an identifiable Waring subspace of dimension &

Theorem (Lavrauw-FZ)

Lebk w € [Fq\{O,l,2} a square in [, then

S = (22,692, €22, €82 %7, (we, + €, + we)®%, (\we, + 1/ we, + Vwe)®?)

with e = (e; + e, + e; + ¢,)®” 7’]6(&[) Z 2

is an identifiable Waring subspace of dimension &
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Waring subspaces over finite fields

o = V5 3(F) CP(F) =1 (Sym( ()

Theorem (Lavrauw-F2)
Let w € F\{0, £ 1}, then

S = (e%%,e2°,e2°,e2°, (e, + €5+ €)%, v, W, (e, + &; + w’e)®)

with v = (e; + we, + we; + w’e)®” and w = (e, + we, + e; + we,)®”
is an identifiable Waring subspace of dimension 7

g € {4,5,7,8,9} and w Prim&ﬂva elemenk
g=11 and w € {7,8}
g=13 and w € {2,7}
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Waring subspaces over finite fields

o = Vy5(F,) € P(F,) = P(SymX(FY)

q

’ a

S = (e2%,e2°,e2°,e2°, (e, + €5+ €)%, v, W, (e, + &; + w’e)®")
a+f+g+h of + wg of + g+ h 0°f+ wg + w’h
wf + wg b+e+ o f+w’g e + w*f+ wg e+ w'f+ w’g
of + g+ h e+ wf+wg c+e+of+eg+h e+ of+wg+ o’h

0 f+wg+w’h e+wf+w’s e+of+wg+w’h d+e+ o'f+w’s+ w*h

wikh (aa ba C, d? e’f’ 8> h) c [:2
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Waring subspaces over finite fields

o = Vs5(F,) € P(F,) = P(Sym (%))

Stz feD o, eBeigR (e, + €3+ )%, v, w, (e + €3+ w?e,)®?)
is an identifiable Waring subspace &
G: (w—1)°XY+ oY+ (@—=1) XY+ 0’ X+ (w=1)(w+ DXY =0

has no [ ~rational Foim&s (x,y) such that
0

XFY, XF

1
S XF——, 1 +x+wy#0
| w — 1

),
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Waring subspaces over finite fields

o = Vs5(F,) € P(F,) = P(Sym (%))

Stz feD o, eBeigR (e, + €3+ )%, v, w, (e + €3+ w?e,)®?)
is an identifiable Waring subspace &
G: (w—1)°XY+ oY+ (@—=1) XY+ 0’ X+ (w=1)(w+ DXY =0

has no [ ~rational Foim&s (x,y) such that
0

XFY, XF

1
S XF——, 1 +x+wy#0
| w — 1

),

Hasse-Weil bound Orange conditions hold!
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Waring subspaces over finite fields

o = Vs5(F,) € P(F,) = P(Sym (%))

Identifioble W&rimg subspaces of dimension 7

Pencils of quadrics whose base consist of ¥ points not
contained in any net of qu&dr&c:s of | 2
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Waring subspaces over finite fields

o =V;,(F) € P°(F) = P(Sym*“(F)))

q

ld@m&{mbi W&rEMg subspaas oﬁf Aimension 7

Pencils of guadrics whose base consist of ¥ points not
contained in any net of qu&dr&cs of | 2

A.A. Bruen and JW.P Hirschfeld: Intersections in projective space ll:
pencils of quadrics, Europ. J. Combinatorics 9 (1988), 255-270.
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Waring subspaces over finite fields

o = Vy5(F,) € P(F,) = P(SymX(FY)

q
Theorem (Lavrauw-rFZ)
n(f) =0 if g > 53 '
If g < 13 an identifiable Waring subspace of dimension 7 is

spanned by the images under 1, of the F -rational points of:

Four distinct Lines and g =2

Two skew lines over F, and two conjugate lines over k.2 and g =3
Two disjoint conics over |, and g =3

Two conics intersecting in two points and g =4

Al etiip%ie curve for g € {4,5,7,8,9,11,13}

Some rational curves and g =7
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Waring subspaces over finite fields

A =V,(F) € P(F) = P(Sym*(F)))

Coroitary (L&vro\uw“?z,)
() =0 of g>53
() =1tk g=2
n(A) =3 if g=73
() =22 i g=4
n(f)>1 &4 ge {57809,11,13}
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Waring subspaces over finite fields

o =Vy,(F) € P°(F) = P(Sym*“(F)))

Coraitary (L&vro\uw“ﬁ“z,)
() =0 ifg>53
() =1tk g=2
n(A) =3 if g=73
() =22 ¢ g=4
n(f)>1 &4 ge {57809,11,13}

What does ik k&F’F‘QM whein
16 < g <497
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Waring subspaces over finite fields

o = Vs5(F,) € P(F,) = P(Sym (%))

ntifiable Waring subspaces of dimension ¥

Quadrics of P’ having 9 F,

span o hyperplane of |

~rational points whose images (via 1)
9




Waring subspaces over finite fields

g =V;,(F) CP(F) = I

_ SLEG)
ntifiable Waring subspaces of dimension ¥

21

Quadrics of P° having 9 F -raktional points whose images (via Us )

q

span o hyperplane of |

Theorem (Lavrauw-F2)
ns(A) =0 g =3

ne(A) =1t g =2 (images under v, of |
hyperbolic quadric)

q

9

-~rational points of a



Thank you for your attention!




