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TRANSMISSION OF INFORMATION

In coding theory,
e messages encoded into codewords.
e Linear [n, k, d]-code C over F is:
e k-dimensional subspace of V(n, q),

e minimum (Hamming) distance d = minimal number of
positions in which two distinct codewords differ.

o Ifd=2t+1o0rd=2t+2, then Cis t-error correcting.
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TRANSMISSION OF INFORMATION

e Generator matrix of [n, k, d]-code C:

G=(g19n)

o G = (k x n) matrix of rank k,
e rows of G form basis of C,
e codeword of C = linear combination of rows of G.

e Message (uj, ..., Uux) becomes codeword

(ug,...,ux)-G=(cq,...,Cn)-
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GENERATOR MATRIX IN STANDARD FORM

e Generator matrix of [n, k, d]-code C is in standard form
when

G=(IkA),
with A a k x (n — k) matrix.
e Message (uy, ..., ux) becomes codeword

(U1,...,Uk)-G:((U1,...,Uk),(U1,...,Uk)~A).

e First k positions are the information positions and last
n — k positions are the check positions.
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PERMUTATION DECODING OF LINEAR CODES

s ﬁ

(F.J. MacWilliams)
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PERMUTATION DECODING OF LINEAR CODES

e Let G be the group of the permutations on the positions
which leave C invariant.

e An s-PD-set of permutations is set of elements of G such
that for every error vector of weight s, there exists a
permutation o in G which moves the s errors out of the
information positions.

Questions:
e Does a linear code have an s-PD set?
e If yes, construct a smallest possible s-PD set.

e How do we know that the s errors are out of the
information positions?
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PERMUTATION DECODING OF LINEAR CODES

Let C be a t-error correcting linear [n, k, d]-code, with generator
matrix G in standard form G = (Il A) and parity check matrix
H=(-All,_x).

Let ¢ be a transmitted codeword of C and assume that the
vector y = ¢ + e is received, where e is an error vector of
weight at most t.

Then the errors are outside of the information positions if and
only wi(y - H') < t.
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CODES FROM PROJECTIVE PLANES

e PG(2,q9), g =p", pprime, h> 1.

e Points P, j=1,...,¢° + g+ 1, and lines ¢;,
i=1,...,¢°+q+1.

e Incidence matrix

G= + lines ¢;
T
points P;
with
G,‘j:1 iffF’jEf,’,
G,/ — 0 |ff P] g gl UN%EH
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CODE DEFINED BY THE INCIDENCE MATRIX

e G = generator matrix of [n, k, d]-code C = C(2, q) over Fp,
with
e n=0q*+q+1,

p+1\"
o k= 2 + 1,

e d=qg+1.
o Similar code arises from AG(2, q), g = p", p prime, h > 1.
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MOORHOUSE BASIS FOR C(AG(2,p)), p PRIME

e Take one line M in PG(2, q).

o LetM={r,r,....1p}.

e Take the p lines through ry, different from M,
o Take p — 1 lines through ry, different from M,
° -,
e Take p — i lines through r;, different from M,
° -

e Take one line through r,_4, different from M.
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MOORHOUSE BASIS FOR C(AG(2,p)), p PRIME

e Line atinfinity: /1 = [0,0,1].

e plines[1,0,a],0 < a < p— 1, through point (0, 1, 0),

e p—1lines[1,1,a],1 < a< p-—1,through point (1,—1,0),

e p—2lines[1,2,a],2 < a< p-1, through point
(1,-271,0),

o p—ilines[1,i,a],i < a<p-—1,through point (1, —i~',0)

e ...,

e the line [1,p — 1, p — 1] through the point (1, 1,0).
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MOORHOUSE BASIS FOR C(AG(2,p)), p PRIME

Equivalent formulation: points as information set

(0,0) (071) (072) (0,,0—1)
(1,1) (1,2) (1,01
(2’2) (2,,0—1)
(p—1,p-1)

The information set / and check set H are equal to:
I={(i,j):0<i<j<p-1}

and
H={(,j):p—1>i>j>0}.
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Consider the translations 7,5 : (X, y) — (x,y) + (&, b).

THEOREM (KEY, MACDONOUGH, MAVRON)

Let Cp be the p-ary code from the affine plane AG(2,p) ,p > 5
prime. Letn= |PE'| and let Y = {yn_vn: 0 < u,v < 5}.

For the predefined information set |, Y is a 2-PD-set of size 36

for the code of AG(2, p) whenp = —1 (mod 6) and Y U{ry 1} is
a 2-PD-set of size 37 for the code of AG(2, p) when p = 1

(mod 6).
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NOTATIONS

o Let g = 2" and let a be a primitive element of Fys.
o Let

h-2

B=ap 10" +apoa"?+ - +aja+ay,B#£0,

where all g; € F».
o 18] =|{i:a+#0}.
e Leading position of 5: Ip(3) = max{i: a; # 0} + 1.
e Leading position of point b = (0,1, 3) is Ip(3).

e Leading position of (0,1,0) is 0 and leading position of
(0,0,1) is +o0.
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BASIS OF P. VANDENDRIESSCHE

The line Xo = 0 and the set of lines

{((0,1,5),(1,0,7)) : v + Ip(8) < h}

together form a basis for code of PG(2, 2”), with5 < h < 9.

The line Xy = 0 has homogeneous coordinates [1,0,0]. The
set of lines from the previous theorem consists of lines with
homogeneous coordinates [v, 3, 1], where || + Ip(5) < h.
Question: Is this also basis for h > 9?
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2-PD-SET FOR CODE OF PG(2,2"),5 < h< 9.

Fuv([y, B:1]) = [y + u, B+ v, 1],
%UN([‘I?O?O]) = [17070]7 7,:U,V([% 170]) = [’77 170]
° o1:[u,v,w]— [v,u,w],
° oo [u,v,w]— [w,v,u.
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2-PD-SET FOR CODE OF PG(2,2"),5 < h< 9.

THEOREM (CRNKOVIC, MOSTARAC, RODRIGUES, STORME)

LetN = PG(2,2"),5 < h <9, and let
C:[22M 4+ 2"+ 1,3+ 1,2" + 1], be its binary code.
Let

a=(1,0,..,0),d = (0,1,0,...,0),
b=(1,..,1,0,c=(1,..,1).

Then following set S is 2-PD-set of size 16 for C, for the
information set I:

S= {7—0,07 Ta,as Ta,b, Ta,cs Ta',bs Th,ar Th,bs Th,c> Tc,a> Te,br Te,cr 015

Ta,b01,Ta,c01,Th,c01, Ta,cUz}-
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SEARCH FOR THESE PERMUTATIONS

Example:

e Assume two errors in the positions [v1, 51, 1], with
|71 + Ip(B1) < h, and [v2, B2, 1], with |v2| + Jp(B2) < h.
e Find translations 7, , such that

(7/76/) + (U7 V) = ("YI + U,,B,' + V)v

with
[vi +ul + Ip(Bi +v) > h,i=1,2.
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3-PD-SET FOR CODE OF PG(2,29)

THEOREM (CRNKOVIC, MOSTARAC, RODRIGUES, STORME)

LetN = PG(2,q), g = 2", and let G be its automorphism group.
Furthermore, let Ceen = [q° + g+ 1,3" +1,q + 1]2 be the
binary code of 1. If h =9, a 3-PD-set for Cy., consisting of 75
elements can be found in G, for the information set I.
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Thank you very much for your attention!
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