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Linear sets: Definition

Λ = PG(d ,qn) = PG(W ,Fqn) W = V (d + 1,qn)

S = {⟨u⟩Fqn : u ∈ W ∗} is a Desarguesian spread of PG(W ,Fq)
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Linear sets: Definition

U : Fq-subspace of W

k = dimFq (U) ≤ dn

1 ≤ |LU | ≤ qk−1
q−1
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Linear sets: weight of a point

P = ⟨u⟩Fqn ∈ Λ = PG(d ,qn)

The weight of P in LU is

wLU (P) := dimFq (U ∩ ⟨u⟩Fqn ) ≤ k
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Weight spectrum and Weight distribution

weight spectrum of LU linear set in PG(d ,qn) of rank k ≤ n

(w1, . . . ,wt)

1 ≤ w1 < w2 < . . . < wt ≤ k and for every P ∈ LU

wLU (P) ∈ {w1, . . . ,wt}

weight distribution of LU

(Nw1 , . . . ,Nwt )

Nwi the number of points of LU having weight wi .
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Weight spectrum and Weight distribution

weight spectrum of LU linear set in PG(1,qn) of rank k

(w1, . . . ,wt)

weight distribution of LU

(Nw1 , . . . ,Nwt )

|LU | = Nw1 + . . .+ Nwt ,

t∑
i=1

Nwi (q
wi − 1) = qk − 1.
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Minimum size linear sets on the projective line

ℓ = PG(1,qn)

Theorem (De Beule and Van de Voorde)
If LU is an Fq-linear set of rank k in PG(1,qn) with at least one point of
weight one ⇒

|LU | ≥ qk−1 + 1.

qk−1 + 1 ≤ |LU | ≤ qk−1
q−1

If |LU | = qk−1 + 1 ⇒ LU of minimum size
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Minimum size linear sets on the projective line

Trace example
U = {(x ,Trqn/q(x)) : x ∈ Fqn},

Trqn/q(x) = x + xq + . . .+ xqn−1

|LU | = qn−1 + 1

weight spectrum (1,n − 1)
weight distribution (qn−1,1)

If LU′ has rank n and there exists P s.t. wLU′ (P) = n − 1 ⇒ LU′ is
equivalent to LU
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Minimum size linear sets on the projective line

Theorem (Lunardon and Polverino)
ℓ = PG(1,qn), Fq(λ) = Fqn , n ≥ 3

U = ⟨1, λ⟩Fq × ⟨1, λ, . . . , λn−3⟩Fq ⊂ Fqn × Fqn

|LU | = qn−1 + 1

n > 4
weight spectrum (1,2,n − 2)

weight distribution (qn−1 − qn−3,qn−3,1)

n = 4
weight spectrum (1,2)

weight distribution (q3 − q,q + 1)
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Minimum size linear sets on the projective line

Definition
b ∈ F∗

qn , Fq(λ) = Fqs ≤ Fqn

S = b⟨1, λ, . . . , λt−1⟩Fq t ≤ s
S of polynomial type w.r.t. the element λ

Example
U = ⟨1, λ⟩Fq × ⟨1, λ, . . . , λn−3⟩Fq ⊂ Fqn × Fqn
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Minimum size linear sets on the projective line

Theorem (Jena and Van de Voorde)
ℓ = PG(1,qn), Fq(λ) = Fqs , 1 < s ≤ n

1 ≤ t1 ≤ t2, t1 + t2 ≤ s + 1

U = ⟨1, λ, . . . , λt1−1⟩Fq × ⟨1, λ, . . . , λt2−1⟩Fq

dimqU = k = t1 + t2
|LU | = qk−1 + 1 = qt1+t2−1 + 1

s = n, t1 = 1, t2 = n − 1 ⇒ Trace example
s = n, t1 = 2, t2 = n − 2 ⇒ Lunardon-Polverino construction
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Minimum size linear sets on the projective line

Theorem (Jena and Van de Voorde)
ℓ = PG(1,qn), Fq(λ) = Fqs , 1 < s ≤ n

1 ≤ t1 ≤ t2, t1 + t2 ≤ s + 1
U = ⟨1, λ, . . . , λt1−1⟩Fq × ⟨1, λ, . . . , λt2−1⟩Fq

dimqU = k = t1 + t2
|LU | = qk−1 + 1 = qt1+t2−1 + 1

If t1 < t2
weight spectrum (1,2, .., i , .., t1, t2)
weight distribution
(qk−1 − qk−3, .., .., qk−2i+1 − qk−2i−1, ...,qt2−t1+1,1)
If t1 = t2
weight spectrum (1,2, .., i , .., t1)
weight distribution
(qk−1 − qkn−3,qk−3 − qk−5, ..,qk−2i+1 − qk−2i−1, ..,q + 1)
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V. Napolitano, O. Polverino, PS and F. Zullo: Classifications and
constructions of minimum size linear sets. ArXiv.

PS (UNICAMPANIA) Minimum size linear sets August 28 - September 03, 2022



A classification result: n prime

Theorem (Jena and Van de Voorde)
ℓ = PG(1,qn), Fq(λ) = Fqs , 1 < s ≤ n

1 ≤ t1 ≤ t2, t1 + t2 ≤ s + 1
U = ⟨1, λ, . . . , λt1−1⟩Fq × ⟨1, λ, . . . , λt2−1⟩Fq

dimqU = k = t1 + t2
|LU | = qk−1 + 1 = qt1+t2−1 + 1

wLU (⟨(1,0)⟩) = t1 wLU (⟨(0,1)⟩) = t2.

If there exist P,Q ∈ LU with P ̸= Q such that

wLU (P) + wLU (Q) = k

LU is a linear set with two points of complementary weights
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A classification result: n prime

Theorem (Napolitano, Polverino, PS and Zullo)
LU ⊂ ℓ = PG(1,qn), n prime rank(LU) = k ≤ n

LU with points of complem. weights t1 and t2, (t1 ≤ t2).

U = S × T
dimFq S = t1, dimFq T = t2

If Nt1 ≥ qt2−t1 + 2 then
|LU | = qk−1 + 1 and S and T are of polynomial type with respect to the
same element λ.

Main Tools:
q-analog of Vosper’s theorem (Bachoc, Serra and Zémor)

q-analog of Cauchy-Davenport inequality (Bachoc, Serra and Zémor)
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A classification result

Theorem(Napolitano, Polverino, PS and Zullo)
LU ⊂ ℓ = PG(1,qn), rank(LU) = k ≤ n

LU of minimum size with a point of weight k − 2

↙ ↘

polynomial type ?

n prime =⇒ LU is of polynomial type
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A lifting construction

n=gt, g, t ≥ 2

LU′ ⊆ PG(1,qt)
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A lifting construction

n=gt, g, t ≥ 2

LU′ ⊆ PG(1,qt)

Fqt ≤ Fqn , S ≤Fqt Fqn , dimFqt S = h < n/t

b ∈ F∗
qn : S ∩ bFqt = {0}.

PS (UNICAMPANIA) Minimum size linear sets August 28 - September 03, 2022



A lifting construction

n=gt, g, t ≥ 2

LU′ ⊆ PG(1,qt)

Fqt ≤ Fqn , S ≤Fqt Fqn , dimFqt S = h < n/t

b ∈ F∗
qn : S ∩ bFqt = {0}.

U = {(s + bu1,u2) : s ∈ S, (u1,u2) ∈ U′} ⊂ Fqn × Fqn

LU ⊆ PG(1,qn)
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A lifting construction

LU′ ⊆ PG(1,qt) of rank m
(w ′

1, . . . ,w
′
c) the weight spectrum of LU′

U = {(s + bu1,u2) : s ∈ S, (u1,u2) ∈ U′} ⊂ Fqn × Fqn

LU ⊆ PG(1,qn) has rank k = ht + m.
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A lifting construction

LU′ ⊆ PG(1,qt) of rank m
(w ′

1, . . . ,w
′
c) the weight spectrum of LU′

U = {(s + bu1,u2) : s ∈ S, (u1,u2) ∈ U ′}
LU ⊆ PG(1,qn) has rank k = ht + m.

Theorem (Napolitano, Polverino, PS and Zullo)
wLU (⟨(1,0)⟩Fqn ) = ht + wLU′ (⟨(1,0)⟩Fqt );

∀P ∈ LU \ {⟨(1,0)⟩Fqn}, we have wLU (P) ∈ {w ′
1, . . . ,w

′
c};

Nw ′
i
= qhtN ′

w ′
i
, for any i ∈ {1, . . . , c}.

|LU | = qht(|LU′ | − ε) + 1, where ε ∈ {0,1};
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A lifting construction
Theorem (Napolitano, Polverino, PS and Zullo)

LU′ ⊆ PG(1,qt) of rank m = t1 + t2 of minimum size
U ′ = ⟨1, µ, . . . , µt1−1⟩Fq × ⟨1, µ, . . . , µt2−1⟩Fq

LU ⊆ PG(1,qn) of rank k = ℓt + m obtained lifting LU′

1 |LU | = qht+m−1 + 1 =⇒ LU of minimum size;

2 t2 ≤ t1 + 1 =⇒ w. spec. (1,2, .., i , ..t2, k − t2)
"new" (with respect to the action of ΓL(2,qn))

3 t2 > t1 + 1 =⇒ w. spec. (1,2, .., i , ., t1, t2, k − t2)
"new" weight spectrum;
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=⇒ w. spec. (1,2, .., i , ..t2, k − t2)
"new" (with respect to the action of ΓL(2,qn))

3 t2 > t1 + 1 =⇒ w. spec. (1,2, .., i , ., t1, t2, k − t2)
"new" weight spectrum;
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A lifting construction

Theorem (Napolitano, Polverino, PS and Zullo)
LU′ ⊆ PG(1,qt) of rank m = t1 + t2 of minimum size

U ′ = ⟨1, µ, . . . , µt1−1⟩Fq × ⟨1, µ, . . . , µt2−1⟩Fq

A ∈ GL(d + 2,qt) ϕA : F2
qt → F2

qt ,

LU ⊆ PG(1,qn) of rank k = ht + m obtained lifting LϕA(U′)

|LU | = qht+m−1 + 1 =⇒ LU of minimum size;

"new" (with respect to the action of ΓL(2,qn));

"new" weight spectrum;

"new" minimum size linear set not admitting points of
complementary weights.
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A classification result

Theorem(Napolitano, Polverino, PS and Zullo)
LU ⊂ ℓ = PG(1,qn), rank(LU) = k ≤ n

LU of minimum size with a point of weight k − 2

↙ ↘

polynomial type ?
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A classification result

Theorem(Napolitano, Polverino, PS and Zullo)
LU ⊂ ℓ = PG(1,qn), rank(LU) = k ≤ n

LU of minimum size with a point of weight k − 2

↙ ↘

polynomial type lifting construction
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S. Adriaensen and PS. Minimum size linear sets in projective spaces.
Ongoing project
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Λ = PG(d ,qn)

Theorem (De Beule and Van de Voorde)
If LU spans the entire space and there is at least one hyperplane π of
PG(d ,qn) meeting LU in a canonical subgeometry of π

⇓

|LU | ≥ qk−1 + qk−2 + . . .+ qk−d + 1.
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Theorem (Jena and Van de Voorde)
Λ = PG(d ,qn), Fq(λ) = Fqs , 1 < s ≤ n

1 ≤ t1, . . . , td+1 ti + tj ≤ s + 1
U = ⟨1, λ, . . . , λt1−1⟩Fq × . . .× ⟨1, λ, . . . , λtd+1−1⟩Fq

dimqU = k = t1 + . . .+ td+1

⇓

|LU | = qk−1 + . . .+ qk−d + 1

If k ≤ s + d ⇒ there is at least one hyperplane π of PG(d ,qn) meeting
LU in a canonical subgeometry of π
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Example (Adriaensen and PS)

Λ = PG(3,q8), n = 8, Fq2(λ) = Fq8

U1 = ⟨1, λ⟩Fq2 × ⟨1, λ⟩Fq2 ⊆ Fq8 × Fq8

U = U1 × F2
q ⊆ F4

q8 LU ⊆ PG(3,q8)

dimqU = k = 10

|LU | = qk−1 + qk−2 + qk−4 + 1 = q9 + q8 + q6 + 1
< qk−1 + qk−2 + qk−3 + 1 = q9 + q8 + q7 + 1
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Λ = PG(d ,qn)

Theorem (De Beule and Van de Voorde)
If LU spans the entire space and there is at least one hyperplane π of
PG(d ,qn) meeting LU in a canonical subgeometry of π

⇓

|LU | ≥ qk−1 + qk−2 + . . .+ qk−d + 1.

PS (UNICAMPANIA) Minimum size linear sets August 28 - September 03, 2022



Theorem (Adriaensen and PS)
Λ = PG(d ,qn) LU ⊆ Λ of rank k

If there exists an (r − 1)-dimensional space η of PG(d ,qn) meeting LU
in a canonical subgeometry of η

⇓

|LU | ≥ qk−1 + qk−2 + . . .+ qk−r + Iη,

where Iη is the number of full secant r -spaces through η.

P ∈ LU wLU (P) = 1 ⇒ |LU | ≥ qk−1 + IP ,

where IP is the number of secant lines to LU through P.
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P ∈ LU wLU (P) = 1 ⇒ |LU | ≥ qk−1 + IP ,

where IP is the number of secant lines to LU through P.

LU Fq-linear blocking set in PG(2,qn) P ∈ LU wLU (P) = 1
n prime

⇓

|IP | ≥ qn−1 + 1 |LU | ≥ qn + qn−1 + 1
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Theorem (Adriaensen and PS)
Λ = PG(d ,qn) LU ⊆ Λ of rank k

If there exists an (r − 1)-dimensional space η of PG(d ,qn) meeting LU
in a canonical subgeometry of η

⇓

|LU | ≥ qk−1 + qk−2 + . . .+ qk−r + Iη,

where Iη is the number of full secant r -spaces through η.

Theorem (Adriaensen and PS)
sharp for each r
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Example (Adriaensen and PS)

Λ = PG(3,q8), n = 8, Fq2(λ) = Fq8

U1 = ⟨1, λ⟩Fq2 × ⟨1, λ⟩Fq2 ⊆ Fq8 × Fq8

U = U1 × F2
q ⊆ F4

q8 LU ⊆ PG(3,q8)

dimqU = k = 10

(x1, x2, x3, x4) ℓ : x1 = x2 = 0

⇓

r = 2 Iℓ = q6 + 1
|LU | = qk−1 + qk−2 + qk−4 + 1 = q9 + q8 + q6 + 1

= qk−1 + qk−2 + Iℓ = q9 + q8 + Iℓ
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Thank you for your attention!
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