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Linear sets: Definition

A =PG(d,q") = PG(W,Fg) W = V(d+1,q")
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Linear sets: Definition

A =PG(d,q") = PG(W,Fg) W = V(d+1,q")

PG((d+ n—-1,9)

099000000

S ={(Wpr,,: ue W}is a Desarguesian spread of PG(W,Fq)
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Linear sets: Definition

U : Fq-subspace of W

PG((d+ 1)n—1,9)

UUUUSss U
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Linear sets: Definition

U : Fq-subspace of W

PG((d+ Dn—1,9)

0008, .. &

Ly = {{u)r,,: ue U\ {0}}
Ly is said F4-linear set of A = PG(d, q")
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Linear sets: Definition

U : Fq-subspace of W

PG((d+ Dn—1,9)

0008, .. &

Ly = {{u)r,,: ue U\ {0}}
Ly is said F4-linear set of A = PG(d, q")
The rank of Ly is k=dimg, U
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Linear sets: Definition

U : Fq-subspace of W

PG((d+ Dn—1,9)

0008, .. &

Ly = {{u)r,,: ue U\ {0}}
Ly is said F4-linear set of A = PG(d, q")
The rank of Ly is k=dimg, U
k = dimg,(U) < dn

PS (UNICAMPANIA) Minimum size linear sets August 28 - September 03, 2022



Linear sets: Definition

U : Fq-subspace of W

PG((d+ Dn—1,9)

0008, .. 0

k = dimy,(U) < dn

k—1
1 <Lyl < T
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Linear sets: weight of a point

P = (u)r, € N=PG(d,q")
The weight of Pin Ly is
WLU(P) = dim]pq(Uﬂ <U>]Fq,,) <k

PG((d + l)n — 1,9)

L")
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Weight spectrum and Weight distribution

weight spectrum of Ly linear set in PG(d, q") of rank k < n
(W17 ey Wt)
1<wy<wo<...<w;<kandforevery Pe Ly

wi,(P) € {wy,...,w}
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Weight spectrum and Weight distribution

weight spectrum of Ly linear set in PG(d, q") of rank k < n

(W1,...,Wt)

1<wy<wo<...<w;<kandforevery Pe Ly

wi,(P) € {wy,...,w}

weight distribution of L
(Nw,, ..., Nw,)

Ny, the number of points of L, having weight w;.
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Weight spectrum and Weight distribution

weight spectrum of L linear set in PG(1, q") of rank k
(W17 ey Wt)

weight distribution of L

\ILy| = Nw, + ... + Nu,,

ZNW, M-1)=q" -1
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Minimum size linear sets on the projective line

¢=PG(1,q9")
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Minimum size linear sets on the projective line

¢=PG(1,q9")

Theorem (De Beule and Van de Voorde)

If Ly is anFq-linear set of rank k in PG(1, q") with at least one point of
weight one =

Lyl > "7 +1.
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Minimum size linear sets on the projective line

¢=PG(1,q9")

Theorem (De Beule and Van de Voorde)

If Ly is anFq-linear set of rank k in PG(1, q") with at least one point of
weight one =

Lyl > "7 +1.

_ k_1
g~ 1+1§|LU|§%f1
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Minimum size linear sets on the projective line

¢=PG(1,q9")

Theorem (De Beule and Van de Voorde)

If Ly is anFq-linear set of rank k in PG(1, q") with at least one point of
weight one =

Lyl > "7 +1.

_ k_1
g~ 1+1§|LU|§%f1

If [Ly| = g~ + 1 = Ly of minimum size
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Minimum size linear sets on the projective line

U = {(x.Trgr/ql)): X € Fan},
Trgn/g(X) = X+ X9+ ...+ x9"
Lyl = g™ +1

A
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Minimum size linear sets on the projective line

U= {(X, Trqn/q(X))I X € Fqn},1
Trgn/g(X) = X+ X9+ ...+ x9"
Lyl =q" " +1

weight spectrum (1, n — 1)
weight distribution (g"~",1)

A
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Minimum size linear sets on the projective line

Trace example

U = {(x.Trgr/ql)): X € Fan},
Trgn/g(X) = X+ X9+ ...+ x9"
Lyl = g™ +1

weight spectrum (1, n — 1)
weight distribution (g"~",1)

A

If Ly has rank n and there exists P s.t. w; ,(P)=n—1= Ly is
equivalent to Ly
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Minimum size linear sets on the projective line

Theorem (Lunardon and Polverino)
¢=PG(1,q9"), Fq(A\)=Fp, n>3

U= (1, \r, x (1,A...,A"3)g C Fgn x Fgn

Lyl =q" " +1

M
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Minimum size linear sets on the projective line

Theorem (Lunardon and Polverino)
¢=PG(1,q9"), Fq(A\)=Fp, n>3

U= (1, s, (1, A, AT3)5. C Fan x Fgp
Lyl =q"! +1

n>4
weight spectrum (1,2,n — 2)
weight distribution (g™~ — ¢"~3,¢"3,1)

M
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Minimum size linear sets on the projective line

Theorem (Lunardon and Polverino)
¢=PG(1,q9"), Fq(A\)=Fp, n>3

U= (1, s, (1, A, AT3)5. C Fan x Fgp
Lyl =q"! +1

n>4
weight spectrum (1,2,n — 2)
weight distribution (g™~ — ¢"~3,¢"3,1)

n=4
weight spectrum (1, 2)
weight distribution (g% — g, + 1)

M
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Minimum size linear sets on the projective line

S=b{1,A.. AN t<s

S of polynomial type w.r.t. the element A
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Minimum size linear sets on the projective line

S=b(1],. AH)]Fq t<s
S of polynomial type w.r.t. the element A

= (1,5, x (1,A,..., A" 3)g, CFgn x Fgn

4
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Minimum size linear sets on the projective line

Theorem (Jena and Van de Voorde)

¢=PG(1,q9"), Fq(A\)=Fg, 1<s<n
1<t <b, H+h<s+1
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Minimum size linear sets on the projective line

Theorem (Jena and Van de Voorde)
¢=PG(1,q9"), Fq(A\)=Fg, 1<s<n
1<t <b, H+h<s+1
U= <17)\,...,)\t1_1>15‘q X <1,)\7...7)\t2_1>]1rq
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Minimum size linear sets on the projective line

Theorem (Jena and Van de Voorde)
¢=PG(1,q9"), Fq(A\)=Fg, 1<s<n
1<t <b, H+b<s+1
U= (1,2, A Dg x (1,4, A~ )g
dimqU =k =t; + t,
|LU‘ — qk71 +1= qt1+tgf1 41
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Minimum size linear sets on the projective line

Theorem (Jena and Van de Voorde)
¢=PG(1,q9"), Fq(A\)=Fg, 1<s<n
1<t <b, H+b<s+1
U= (1,2, A Dg x (1,4, A~ )g
dimqU =k =t; + t,
|LU‘ — qk71 +1= qt1+tgf1 41

@s=n 4 =16=n—1= Trace example

M
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Minimum size linear sets on the projective line

Theorem (Jena and Van de Voorde)
¢=PG(1,q9"), Fq(A\)=Fg, 1<s<n
1<t <b, H+b<s+1
U= (1,2, A Dg x (1,4, A~ )g
dimqU =k =t; + t,
|LU‘ — qk71 +1= qt1+tgf1 41

@s=n 4 =16=n—1= Trace example
@ s=n, i =2,1b = n— 2 = Lunardon-Polverino construction
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Minimum size linear sets on the projective line

Theorem (Jena and Van de Voorde)
¢=PG(1,q9"), Fq(A\)=Fg, 1<s<n
1<t <b, H+b<s+1
U= (1, N De x (1,0, A D
diqu: k=t +1b
|LU‘ — qkf'l +1 — qf1+t271 +1

If h<b

weight spectrum (1,2, ..,/,.., i, &)

weight distribution

(qk71 _ qk73’ N qk72/+1 _ qk72i717 . qt27t1+1’ 1)
fty =t

weight spectrum (1,2, .., i, .., t)
weight distribution ' _
(qk—1 _ qkn—37 qk—3 _ qk—5, - qk—2/+1 _ C’k—21—1 o q + 1)

A
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V. Napolitano, O. Polverino, PS and F. Zullo: Classifications and
constructions of minimum size linear sets. ArXiv.
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A classification result: n prime

Theorem (Jena and Van de Voorde)
¢=PG(1,q"), Fg(A\)=TFg, 1<s<n
1<t <tb, H+bh<s+1
U= <1,>\,...,)\t171>]pq X <1,/\,...,>\t271>]gq
dimgU =k = t; + t,
Lyl =g +1 =gt e 4
wy, (((1,0))) =t w, (((0,1)) = .

M
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A classification result: n prime

Theorem (Jena and Van de Voorde)
¢=PG(1,q"), Fg(A\)=TFg, 1<s<n
1<t <tb, H+bh<s+1
U= <1,>\,...,)\t171>]pq X <1,/\,...,)\t271>]gq
dimgU =k = t; + t,
Lyl =g +1 =gt e 4
wy, (((1,0))) =t w, (((0,1)) = .

M

If there exist P, Q € Ly with P # Q such that
w,(P)+w,(Q) =k

Ly is a linear set with two points of complementary weights
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A classification result: n prime

Theorem (Napolitano, Polverino, PS and Zullo)

Ly c¢=PG(1,9"), nprime rank(Ly)=k<n
Ly with points of complem. weights t; and b, (t < b).

U=SxT
dim]FqS =1, diquT =1b
If N, > g2=4 + 2 then

|ILy| = ¢*~' +1 and S and T are of polynomial type with respect to the
same element \.

y
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A classification result: n prime

Theorem (Napolitano, Polverino, PS and Zullo)
Ly c¢=PG(1,9"), nprime rank(Ly)=k<n
Ly with points of complem. weights t; and b, (t < b).
U=SxT
dim]FqS =1, diquT =1b
If N, > g2=4 + 2 then

|ILy| = ¢*~' +1 and S and T are of polynomial type with respect to the
same element \.

y

Main Tools:

@ g-analog of Vosper’s theorem (Bachoc, Serra and Zémor)

@ g-analog of Cauchy-Davenport inequality (Bachoc, Serra and Zémor)
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A classification result

Theorem(Napolitano, Polverino, PS and Zullo)

Ly c¢=PG(1,9"), rank(Ly)=k<n
Ly of minimum size with a point of weight k — 2
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A classification result

Theorem(Napolitano, Polverino, PS and Zullo)

Ly c¢=PG(1,9"), rank(Ly)=k<n
Ly of minimum size with a point of weight k — 2

YRR

polynomial type ?
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A classification result

Theorem(Napolitano, Polverino, PS and Zullo)

Ly c¢=PG(1,9"), rank(Ly)=k<n
Ly of minimum size with a point of weight k — 2

VAN
polynomial type ? )
n prime = Ly is of polynomial type )
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A lifting construction

n=gt, g,t>2
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A lifting construction

n=gt, g,t>2
LU’ - PG(1 ) qt)

Ly, PG(1,4)
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A lifting construction

n=gt, g,t>2
LU’ - PG(1 ) qt)
th < Fgn, S S[th F(i, diquS =h<n/t
beF:, : SnbFy={0}.

PG(1,4")

Ly PG(1.q")
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A lifting construction

n=gt, g,t>2
LU’ - PG(1 ) qt)
th < Fgn, S S[th F(i’ diquS =h<n/t
beF:, : SnbFy={0}.

U={(s+bus,up):s€S,(us,uz) € U} CFgn x Fgn
LU - PG(17qn)

Ly PG(1,4")
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A lifting construction

Ly € PG(1,q") of rank m
(wy, ..., w;) the weight spectrum of L
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A lifting construction

Ly € PG(1,q") of rank m
(wy, ..., w;) the weight spectrum of L

U={(s+bus,up):s€S,(us,up) € U} CFgn x Fgn
Ly € PG(1,q") hasrank k = ht + m.

i

Ly PG(1,4")

PG(1,4")
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A lifting construction

Ly € PG(1,q") of rank m
(wy, ..., w;) the weight spectrum of L

U= {(s+buy,u): s€ S, (u,wp) € U}
Ly C PG(1,g") has rank k = ht + m.

Theorem (Napolitano, Polverino, PS and Zullo)
© w,(((1,0))r,.) = ht+w, (((1,0)r,,);
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A lifting construction

Ly € PG(1,q") of rank m
(wy, ..., w;) the weight spectrum of L

U= {(s+buy,u): s€ S, (u,wp) € U}
Ly C PG(1,g") has rank k = ht + m.

Theorem (Napolitano, Polverino, PS and Zullo)
© w,(((1,0))r,.) = ht+w, (((1,0)r,,);
o VP e Ly\ {((1,0))s,,}, we have w,,(P) € {W],...,w}};
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A lifting construction

Ly € PG(1,q") of rank m
(wy, ..., w;) the weight spectrum of L

U= {(s+buy,u): s€ S, (u,wp) € U}
Ly C PG(1,g") has rank k = ht + m.

Theorem (Napolitano, Polverino, PS and Zullo)
© w,(((1,0))r,.) = ht+w, (((1,0)r,,);
o VP e Ly\ {({(1,0))r,,}, we have w,(P) € {w],..., w.);
® Ny =q"N,,, foranyie{1,...,c}.
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A lifting construction

Ly € PG(1,q") of rank m
(wy, ..., w;) the weight spectrum of L

U= {(s+buy,u): s€ S, (u,wp) € U}
Ly C PG(1,g") has rank k = ht + m.

Theorem (Napolitano, Polverino, PS and Zullo)
© w,(((1,0))r,.) = ht+w, (((1,0)r,,);
o VP e Ly\{{((1,0))r,}, we have w,,(P) € {w;, ..., wc};
o Ny, = qh’Nl’,VI,, forany ie {1,...,c}.

@ |Ly| = q"(|Ly| —¢) + 1, where e € {0,1};
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A lifting construction

Theorem (Napolitano, Polverino, PS and Zullo)

Ly € PG(1,q") of rank m = t; + to of minimum size
U= <1,;L,...,,U,t1_1>]pq X <1,u,...,,ut2_1>]yq
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A lifting construction

Theorem (Napolitano, Polverino, PS and Zullo)

Ly € PG(1,q") of rank m = t; + to of minimum size
U= <1,;L,...,,U,t1_1>]pq X <1,u,...,,ut2_1>]yq

Ly € PG(1,q") of rank k = (t + m obtained lifting L

Q |Ly|=q"™™ 1 +1 = Ly of minimum size;

Q@ bHL<t+1
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A lifting construction

Theorem (Napolitano, Polverino, PS and Zullo)

Ly € PG(1,q") of rank m = t; + to of minimum size
U= <1,;L,...,,U,t1_1>]pq X <1,u,...,,ut2_1>]yq

Ly € PG(1,q") of rank k = (t + m obtained lifting L
Q |Ly|=q"™™ 1 +1 = Ly of minimum size;

Q@ bL<t+1 = wspec (1,2,..,i . .bbk—1b)
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A lifting construction

Theorem (Napolitano, Polverino, PS and Zullo)

Ly € PG(1,q") of rank m = t; + to of minimum size
U= <1,;L,...,,U,t1_1>]pq X <1,u,...,,ut2_1>]yq

Ly € PG(1,q") of rank k = (t + m obtained lifting L
Q |Ly|=q"™™ 1 +1 = Ly of minimum size;

Q@ bL<t+1 = wspec (1,2,..,i . .bbk—1b)
"new" (with respect to the action of TL(2,q"))
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A lifting construction

Theorem (Napolitano, Polverino, PS and Zullo)

Ly € PG(1,q") of rank m = t; + to of minimum size
U= <1,;L,...,,U,t1_1>]pq X <1,u,...,,ut2_1>]yq

Ly € PG(1,q") of rank k = (t + m obtained lifting L
Q |Ly|=q"™™ 1 +1 = Ly of minimum size;

Q@ bL<t+1 = wspec (1,2,..,i . .bbk—1b)
"new" (with respect to the action of TL(2,q"))

et2>t1+1 =S
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A lifting construction

Theorem (Napolitano, Polverino, PS and Zullo)

Ly € PG(1,q") of rank m = t; + to of minimum size
U= <1,;L,...,,U,t1_1>]pq X <1,u,...,,ut2_1>]yq

Ly € PG(1,q") of rank k = (t + m obtained lifting L
Q |Ly|=q"™™ 1 +1 = Ly of minimum size;

Q@ bL<t+1 = wspec (1,2,..,i . .bbk—1b)
"new" (with respect to the action of TL(2,q"))

Q@ bL>t+1 = wspec (1,2,..,i ., b4, b k—1b)
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A lifting construction

Theorem (Napolitano, Polverino, PS and Zullo)

Ly € PG(1,q") of rank m = t; + to of minimum size
U= <1,;L,...,,U,t1_1>]pq X <1,u,...,,ut2_1>]yq

Ly € PG(1,q") of rank k = (t + m obtained lifting L
Q |Ly|=q"™™ 1 +1 = Ly of minimum size;

Q@ bL<t+1 = wspec (1,2,..,i . .bbk—1b)
"new" (with respect to the action of TL(2,q"))

Q@ bL>t+1 = wspec (1,2,..,i ., b4, b k—1b)
"new" weight spectrum;
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A lifting construction

Theorem (Napolitano, Polverino, PS and Zullo)

Ly CPG(1,q") of rank m = t; + t of minimum size
U=, Drg x (1 127,
AeGL(d+2,q") ¢a:F% —FZ,

Ly € PG(1,q") of rank k = ht + m obtained lifting Ly,

ILy| = g"*™1+1 = Ly of minimum size;

@ "new" (with respect to the action of T'L(2,q9"));

-
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A lifting construction

Theorem (Napolitano, Polverino, PS and Zullo)

Ly € PG(1,q") of rank m = t; + to of minimum size

U=, Drg x (1 127,
AcGL(d+2,q9") ¢a: Fg, — Fg“

Ly € PG(1,q") of rank k = ht + m obtained lifting Ly,

ILy| = g"*™1+1 = Ly of minimum size;

@ "new" (with respect to the action of T'L(2,q9"));

@ "new" weight spectrum;

-

PS (UNICAMPANIA) Minimum size linear sets August 28 - September 03, 2022



A lifting construction

Theorem (Napolitano, Polverino, PS and Zullo)

Ly CPG(1,q") of rank m = t; + t, of minimum size
U=, Drg x (1 127,
AcGL(d+2,q9") ¢a: Fg, — Fg“

Ly € PG(1,q") of rank k = ht + m obtained lifting Ly,

ILy| = g"*™1+1 = Ly of minimum size;

@ "new" (with respect to the action of T'L(2,q9"));
@ "new" weight spectrum;

@ "new" minimum size linear set not admitting points of
complementary weights.

-
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A classification result

Theorem(Napolitano, Polverino, PS and Zullo)

Ly c¢=PG(1,9"), rank(Ly)=k<n
Ly of minimum size with a point of weight k — 2

YRR

polynomial type ?
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A classification result

Theorem(Napolitano, Polverino, PS and Zullo)

Ly c¢=PG(1,9"), rank(Ly)=k<n
Ly of minimum size with a point of weight k — 2

YRR

polynomial type lifting construction

PS (UNICAMPANIA) Minimum size linear sets August 28 - September 03, 2022



S. Adriaensen and PS. Minimum size linear sets in projective spaces.
Ongoing project J
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A =PG(d,q")

Theorem (De Beule and Van de Voorde)

If Ly spans the entire space and there is at least one hyperplane = of
PG(d, ") meeting Ly in a canonical subgeometry of

4

Lyl > ¢ "+ 9% +... +q

k—d

+1.
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Theorem (Jena and Van de Voorde)

AN=PG(d,q"), Fq(A)=Fg, 1<s<n
1<t,..., 41 ti+l'/'§3+1
U:<1,)\,...,)\t1_1>]Fq><...><<1,/\,...,)\td+‘_1>]pq
diqu:k:t1 + ot g

Y

Lyl=q*"+...+ g9 +1
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Theorem (Jena and Van de Voorde)

AN=PG(d,q"), Fq(A)=Fg, 1<s<n
1<t,..., 41 ti+l'/'§3+1
U:<1,)\,...,)\t1_1>]Fq><...><<1,/\,...,)\td+‘_1>]pq
diqu:k:t1 + ot g

4
Lul=q"+...+ ¢ +1

If Kk < s+ d = there is at least one hyperplane 7 of PG(d, @) meeting
Ly in a canonical subgeometry of
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Example (Adriaensen and PS)
N=PG(3,0%), n=8, Fp(\)=Fg

Uy = (1,)\>ng2 X <1,)\>]Fq2 - Fqs X Fqs
U:UpdﬁgF; Ly € PG(3,q®)
dimgU = k =10

Lul=d“"+¢"2+q 4 +1=0"+"+ " +1
<qg'+d?+¢3+1=0"++q +1
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A =PG(d,q")

Theorem (De Beule and Van de Voorde)

If Ly spans the entire space and there is at least one hyperplane = of
PG(d, ") meeting Ly in a canonical subgeometry of

4

Lyl > ¢ "+ 9% +... +q

k—d

+1.
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Theorem (Adriaensen and PS)

AN=PG(d,q") Ly CAofrank k
If there exists an (r — 1)-dimensional space n of PG(d, Q") meeting Ly
in a canonical subgeometry of 7

J
Lyl > g " +d" 2 +.. .+ ¢+,

where |/, is the number of full secant r-spaces through 7.
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Theorem (Adriaensen and PS)

AN=PG(d,q") Ly C Aofrank k
If there exists an (r — 1)-dimensional space n of PG(d, Q") meeting Ly
in a canonical subgeometry of 7

I
‘LU’ qu—1 +qk_2+...+qk_r+/7,,

where |/, is the number of full secant r-spaces through 7.

Pely wy(P)=1 = |[Lu>¢ " +Ip,

where /p is the number of secant lines to Ly through P.
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Pecly wy,(P)=1 = |Ly/>¢" " +Ip

where Ip is the number of secant lines to Ly through P.

Ly Fq-linear blocking setin PG(2,9") Pe Ly wy,(P)=1
n prime

4

el >q" ' +1 |Ly/>q"+q" " +1
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Theorem (Adriaensen and PS)

AN=PG(d,q") Ly C Aofrank k
If there exists an (r — 1)-dimensional space n of PG(d, q") meeting Ly
in a canonical subgeometry of 7

U
|LU| qu—1 +qk_2+~--+qk_r+/77,

where I, is the number of full secant r-spaces through .

Theorem (Adriaensen and PS)
sharp for each r
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Example (Adriaensen and PS)
N=PG(3,q%), n=8, Fp(A)=Fg

Uy = (1,>\>Fq2 X (1,)\>]Fq2 CFp xFg
U=U; xF5C IFgB Ly C PG(3,q®)
dimqU = k =10
(X1,X0,X3,%X4) L:X1=X2=0
4

r=2 lL=q°+1
Ll =¢"+ g2+ d* +1=0"+° +¢° +1
=g +qd 2+l ="+ + 1,
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Thank you for your attention! ]
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