
Small complete caps in PG(4n + 1, q)

Francesco Pavese

Joint work with A. Cossidente, B. Csajbók and G. Marino

Polytechnic University of Bari – Italy

Finite Geometries

Sixth Irsee Conference,

28 August - 3 September 2022,

Irsee, Germany



Definitions

q prime power

V r -dimensional vector space over Fq

PG(r − 1, q)

k-cap X of PG(r − 1, q):

set of k points of PG(r − 1, q), no three of which are collinear

X is complete if not contained in a larger cap of PG(r − 1, q)

Y is a 1-saturating set of PG(r − 1, q)

for any point P ∈ PG(r − 1, q) there exist 2 points of Y spanning a
line of PG(r − 1, q) containing P

complete caps are 1-saturating sets
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Linear codes

[N, k]q code C: k-dim. vector subspace of FN
q

u = (u1, . . . , uN), v = (v1, . . . , vN) ∈ FN
q ,

supp(u) = {i : ui 6= 0} support of u,
d(u, v) = |supp(u − v)| Hamming distance,

w(u) = |supp(u)| weight of u.

d(C) = min{w(u) : 0 6= u ∈ C} minimum distance of C
t =

⌊
d−1
2

⌋
t-error correcting code

ρ(C) covering radius of C

∀ u ∈ FN
q , ∃ v ∈ C : d(u, v) ≤ ρ,

[N, k]qρ-code

generator matrix of C: its rows form a basis of C
parity check matrix of C: generator matrix of C⊥
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Linear codes

1-saturating set X ⇐⇒ columns of a parity check matrix

of PG(r − 1, q) of size s H of an [s, s − r ]q code C
with covering radius 2

d(C) ≤ 2ρ(C) + 1 = 5

d(C) smallest number of linearly dependent columns of H

X complete cap =⇒ d(C) ∈ {4, 5}

d(C) = 5 ⇐⇒ 2 = ρ(C) = t perfect codes

No four points of X in a plane

elliptic quadric of PG(3, 2)→ [5, 1]2 repetition code

11-complete cap of PG(4, 3)→ [11, 6]3 ternary Golay code
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Linear codes

d(C) = 4 ⇐⇒ 2 = ρ(C) = t + 1 quasi-perfect codes

X complete cap ⇐⇒ C quasi-perfect [s, s − r ]q2-code

of PG(r − 1, q) of size s

covering density: µ(C) =
1+(s1)(q−1)+(s2)(q−1)

2

qr

Problem: find complete caps of PG(r − 1, q) of small size

t2(r − 1, q) size of the smallest complete cap of PG(r − 1, q)

trivial lower bound: t2(r − 1, q) ≥
√

2q
r−2
2
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Known results in the plane case

Blokhuis 1994, Ball 1997, Polverino 1999
t2(2, q) ≥

√
3q + 1

2 , q = p, p2, p3

Abatangelo 1983
q+8
3 , q = 2h, h ≥ 6

Korchmáros 1983
q+11
4 , q odd

Szőnyi 1985
2q9/10

Kim & Vu 2003 √
q logc q
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Szőnyi 1985
2q9/10

Kim & Vu 2003 √
q logc q



Known results in the plane case

Blokhuis 1994, Ball 1997, Polverino 1999
t2(2, q) ≥

√
3q + 1

2 , q = p, p2, p3

Abatangelo 1983
q+8
3 , q = 2h, h ≥ 6
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Small caps in PG(4n + 1, q), q > 2

P(a, b) =
(
a, b, aq, bq, . . . , aq

2n
, bq

2n
)
, a, b ∈ Fq2n+1

V =
{
P(a, b) : a, b ∈ Fq2n+1

}
⊂ F4n+2

q2n+1

(4n + 2)-dimensional Fq-subspace

PG(V ) ' PG(4n + 1, q)

Π1 =
{
P(0, b) : b ∈ Fq2n+1 \ {0}

}
' PG(2n, q)

Π2 =
{
P(a, 0) : a ∈ Fq2n+1 \ {0}

}
' PG(2n, q)

Vω :=
{
P(x2, ωxq+1) : x ∈ Fq2n+1 \ {0}

}
⊂ PG(V ), ω ∈ Fq2n+1 \ {0}

|Π1| = |Π2| = |Vω| = q2n+1−1
q−1

A partition of the points of PG(V )

Π1 ∪ Π2 ∪ω∈Fq2n+1\{0}
Vω

P(a, b) ∈ V 7→ P(η2a, ηq+1b) ∈ V
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Small caps in PG(4n + 1, q), q > 2

α = −1 if q odd or α ∈ Fq \ {0, 1} if q is even

X = V1 ∪ Vα
X is a complete cap

√
2q2n ≤ t2(4n + 1, q) ≤ 2(q2n + · · ·+ q + 1)

X is a cap

∀x , y ∈ Fq2n+1 \ Fq,
x
y /∈ Fq,

P(1, α) /∈ P(x2, xq+1)P(y2, yq+1)

@λ, ρ ∈ Fq \ {0} such that

{
x2 + λy2 = ρ,
xq+1 + λyq+1 = αρ
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A geometric description

Veronese variety of PG(W ): locus of the zeros of all determinants
of 2× 2 submatrices of M(a0, . . . , an)

Vα1,...,αn =
{
M
(
x2, α1x

q+1, . . . , αnx
qn+1

)
, x ∈ Fq2n+1 \ {0}

}
,

αi ∈ Fq2n+1 \ {0}, 1 ≤ i ≤ n

Vα1,...,αn are Veronese varieties

〈Π̃0, Π̃1〉 ' PG(4n + 1, q)

〈Π̃2, . . . , Π̃n〉 ' PG(2n2 − n − 2, q)

Ṽω projection of Vω,α2,...,αn from 〈Π̃2, . . . , Π̃n〉 onto 〈Π̃0, Π̃1〉
Ṽω ' Vω
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Ṽω projection of Vω,α2,...,αn from 〈Π̃2, . . . , Π̃n〉 onto 〈Π̃0, Π̃1〉
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Ṽω ' Vω



A geometric description

Veronese variety of PG(W ): locus of the zeros of all determinants
of 2× 2 submatrices of M(a0, . . . , an)

Vα1,...,αn =
{
M
(
x2, α1x

q+1, . . . , αnx
qn+1

)
, x ∈ Fq2n+1 \ {0}

}
,

αi ∈ Fq2n+1 \ {0}, 1 ≤ i ≤ n

Vα1,...,αn are Veronese varieties

〈Π̃0, Π̃1〉 ' PG(4n + 1, q)

〈Π̃2, . . . , Π̃n〉 ' PG(2n2 − n − 2, q)
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