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1. Preliminaries

Theorem. (E. Sperner, 1928) If Ay, Ao, ..., A, are subsets of X =
{1,2,...,n} such that A; is not a subset of A; if i # j, then m < (Ln72J)'

Theorem. If A is an antichain in the partially ordered set of all subspaces of
e, then

A =< [LJ?JL
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are the Gaussian coefficients.

where
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2. Partially ordered sets

Let P be a partially ordered set with a partial order " <",

e We say that the element y of a poset P covers the element x € P it x < y
and x < ¢y <y implies y = ¢/. This is denoted by x < .

e Ranked poset P: there exists a function (rank function) r : P — Ny with
r(x) = 0 for some minimal element and r(y) = r(xz) + 1 for all x,y with
T~ .

e Graded poset: a ranked poset in which all minimal elements have rank 0.

o L;(P)—thei-th level of P: L;(P)={x € P |r(zx)="1i}.
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e the i-th Whitney number: W;(P) = |L;(P)|

e A poset is said to have the Sperner property if the maximum cardinality of an
antichain equals the largest Whitney number.

e The Hasse diagram of a partially ordered set is a directed graph H(P) =
(P, E(P)) where

E(P)={(z,y) | where z< y}.

The underlying nondirected graph is called the Hasse graph.
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The poset of the partitions of n =7
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A poset without the Sperner proerty
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3. Modules over Finite Chain Rings

Theorem. Let R be a finite chain ring of length m and with residue field [F,,.
For any finite module g M there exists a uniquely determined partition

A= (>\17"°7)\]€) l_logq‘M‘a
m> A > ... > A >0, such that

rRM = R/(rad R @ ... @ R/(rad R)™.
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e The partition A is called the shape of pM.

e The conjugate partition A’ to A is called the conjugate shape of g M.
The conjugate partition X' = (AN}, A5, . ..) is defined by:

A, = number of parts in A that are greater or equal to ¢

| |
A=(4,3,2,2,1) X =(5,4,2,1)

e The number k is called the rank of g M.
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4. Counting Formulas

Theorem. Let g M be a module of shape A = (Aq,..., \,). Forevery sequence
= (f1y. -y ), b1 = ... > lyp > 0, satisfying 4 < A the module g M has

exactly
m / /
r‘] - H qu2+1(Ag—u§) , [Az’ - Nz‘+1]
: / /
Hlgm 5 Hi = Hivil g

submodules of shape .

It A= —1),... —1),....1,...
(Zrl? o 7/@7 &m 1)7 L Y (m 127 7,17 ) 1)
km km—l kl

then we shall write m"m (m — 1)km-1__ 1%1
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e The family of all submodules of a finitely generated left R-module g M ordered
by inclusion is a graded poset. It gRM = rR"™ we denote this poset by P,,.

e Rank function: r(L) = >." | A\; = log,|L|, where gL < rM and L has
shape (A1,...,Apn).

e We have 7(P,,) = mn, where m is the length of R.

e The k-th Whitney number:

-1

Y
qm

where the sum is over all shapes o = (1, .., pn) with ) . p; = k.
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Problem. Let R be a finite chain ring and let R M be a (left) module over R.

What is the size of the largest antichain in the poset P(M) of all submodules of
rRM?7?
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5. A Sperner-type Theorem for Free Modules

Let P be a graded poset.

It is said that level L; can be matched into level L;, where j =4 —1ori+1, if
there is a matching of size WW; in the subgraph of the Hasse graph of P defined
on the vertices from L; U L;.

Theorem. Let P be a graded poset. If there exist indices g and h such that L;

can be matched into L;y; forall 2 =0,1,...,9 — 1, and L; can be matched
into L;_q forall j = h 4+ 1,...,n then there exists a largest antichain which is
contained in levels Ly, Ly4q, ..., Ly,

— Finite Geometries 2022, Sixth Irsee Conference, Kloster Irsee, Germany, 28.08.—03.09.2022 — 13



Let R be a finite chain ring with nilpotency index 2 and residue field IF, and let
rM = rR"™

Lemma A. Let a, b be non-negative integers with 2a + b < n. Denote by X
be the set of all submodules of zpR™ of shape 2¢711°*+1 and by Y — the set of all
submodules of R R™ of shape 291°. Let G = (X UY, E) be the bipartite graph
with edges given by set-theoretical inclusion. The X can be matched into Y.

q(a—l)(n—a—b) [ngﬁ—ll—l} , [aﬁl} ,
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Lemma B. Let a be a non-negative integer with 2a + 1 < n. Denote by X be
the set of all submodules of R R™ of shape 2%, and 247112, and by Y — the set
of all submodules of RR™ of shape 291!, Let G = (X UY, E) be the bipartite
graph with edges given by set-theoretical inclusion. The X can be matched into

Y.
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Lemma C. Let G = (X UY, E) be a bipartite graph with X = X; U X5 and
| X| < |Y|. Each vetex from X is adjacent to x; vertices of Y, and each vertex
of Y is adjacent to y; vertices of X;, 2 =1,2. If

Y1 + yo < min(zq, x2),

then GG has a matching of | X| edges.

Y1 Y2

1 L2
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e L(m,n): the poset of all n-tuples A = (A1,...,\,) withm > X\ > ... >
An > 0 and > - A\; < mn with partial order defined by
A p <= A1 < 1, A < i
e L(m,n) can be graded by the rank function r(A) = > | A,
o L(m,n)isself dual: (A1,..., ) = (m—Ap,....m— A1).
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Theorem. Let R be a finite chain ring with nilpotency index 2 and residue field
of order q. Let P = P(R"™) be the partially ordered set of all submodules of
rR™ with partial order given by inclusion. Then P has the Sperner proerty and
the size of a maximal antichain in P is equal to

> [v.

H=2n H

where the sum is over all sequences = (1, ..., fn) < 2, with

Z i = 0.
i=1
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Theorem. Let R be a finite chain ring with nilpotency index m and residue field
of order q. Let P, = P,(R) be the partially ordered set of all submodules of
rR™ with partial order given by inclusion. Then P has the Sperner proerty and
the size of a maximal antichain in P is equal to

> V.

p=1mMn H

where the sum is over all partitions pt = (1, - - ., ftn) < 1M, with

;m = LTJ-
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6. Partial Results for Non-free Modules

Let R be a finite chain ring of nilpotency index 2 and with residue field [F,,.
SetI'={1v=0,1=1,7,...,%-1} and rad R = Rf.

Let pM be a module of shape 211", e.g. the module generated by the rows of

)

O O
o O
-

0
0
0

Lo o0 .. 0

Consider the poset P(M) of all submodules of p M.
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Modules of shape 2112%%

Theorem. Let M be a module of shape 2112 over the finite chain ring R
of nilpotency index 2. Then P(M) has the Sperner property and the maximal
antichain has size Wy 1(P).
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Modules of shape 211%2¢~1

P(M)=PR>drad R)

((1,0), (0,86))

{(6,0), (0,0))

<<1,o>>_<mfw4 (1L 075))

((6,0))

(€2, 0v1) ((0,072))

(0)

((0, 69
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Theorem. Let M be a module of shape 2112~ over the finite chain ring R

of nilpotency index 2. Then P(M) does not have the Sperner property and the
2k — 1]
q

maximal antichain has size 2qk[

k—1
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