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1. Preliminaries

Theorem. (E. Sperner, 1928) If A1, A2, . . . , Am are subsets of X =
{1, 2, . . . , n} su
h that Ai is not a subset of Aj if i 6= j, then m ≤

(
n

⌊n/2⌋

)

.

Theorem. If A is an anti
hain in the partially ordered set of all subspa
es of

F
n
q , then

|A| ≤

[
n

⌊n/2⌋

]

q

where [
n

k

]

q

=
(qn − 1) . . . (qn−k+1 − 1)

(qk − 1) . . . (q − 1)
.

are the Gaussian 
oe�
ients.
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2. Partially ordered sets

Let P be a partially ordered set with a partial order ���.

• We say that the element y of a poset P 
overs the element x ∈ P if x ≺ y

and x ≺ y′ � y implies y = y′. This is denoted by x≺· y.

• Ranked poset P : there exists a fun
tion (rank fun
tion) r : P → N0 with

r(x) = 0 for some minimal element and r(y) = r(x) + 1 for all x, y with

x≺· y.

• Graded poset: a ranked poset in whi
h all minimal elements have rank 0.

• Li(P) � the i-th level of P : Li(P) = {x ∈ P | r(x) = i}.
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• the i-th Whitney number: Wi(P) = |Li(P)|

• A poset is said to have the Sperner property if the maximum 
ardinality of an

anti
hain equals the largest Whitney number.

• The Hasse diagram of a partially ordered set is a dire
ted graph H(P) =
(P , E(P)) where

E(P) = {(x, y) | where x≺· y}.

The underlying nondire
ted graph is 
alled the Hasse graph.
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The poset of the partitions of n = 7
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A poset without the Sperner proerty

(0)

(1)

L0

L1

L2

L3
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3. Modules over Finite Chain Rings

Theorem. Let R be a �nite 
hain ring of length m and with residue �eld Fq.

For any �nite module RM there exists a uniquely determined partition

λ = (λ1, . . . , λk) ⊢ logq|M |,

m ≥ λ1 ≥ . . . ≥ λk > 0, su
h that

RM ∼= R/(radR)λ1 ⊕ . . .⊕R/(radR)λk.
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• The partition λ is 
alled the shape of RM .

• The 
onjugate partition λ′

to λ is 
alled the 
onjugate shape of RM .

The 
onjugate partition λ′ = (λ′
1, λ

′
2, . . .) is de�ned by:

λ′
i = number of parts in λ that are greater or equal to i

λ = (4, 3, 2, 2, 1) λ′ = (5, 4, 2, 1)

• The number k is 
alled the rank of RM .
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4. Counting Formulas

Theorem. Let RM be a module of shape λ = (λ1, . . . , λn). For every sequen
e

µ = (µ1, . . . , µn), µ1 ≥ . . . ≥ µn ≥ 0, satisfying µ ≤ λ the module RM has

exa
tly

[
λ

µ

]

qm
:=

m∏

i=1

qµ
′
i+1(λ

′
i−µ′

i) ·

[
λ′
i − µ′

i+1

µ′
i − µ′

i+1

]

q

submodules of shape µ.

If λ = (m, . . .m
︸ ︷︷ ︸

km

, (m− 1), . . . , (m− 1)
︸ ︷︷ ︸

km−1

, . . . , 1, . . . , 1
︸ ︷︷ ︸

k1

)

then we shall write mkm(m− 1)km−1 . . . 1k1.
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• The family of all submodules of a �nitely generated left R-module RM ordered

by in
lusion is a graded poset. If RM = RR
n

we denote this poset by Pn.

• Rank fun
tion: r(L) =
∑n

i=1 λi = logq|L|, where RL < RM and L has

shape (λ1, . . . , λn).
• We have r(Pn) = mn, where m is the length of R.

• The k-th Whitney number:

Wk(Pn) =
∑

µ

[
mn

µ

]

qm
,

where the sum is over all shapes µ = (µ1, . . . , µn) with

∑

i µi = k.
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P(Z4 ⊕ Z4)

(0)

〈01, 10〉

〈20〉 〈02〉 〈22〉

〈10, 02〉 〈01, 20〉 〈11, 02〉

〈20, 02〉〈10〉 〈12〉 〈01〉 〈21〉 〈11〉 〈13〉
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P(Z4 ⊕ Z4 ⊕ 2Z4)

(0)

〈100, 010, 002〉

〈200〉 〈020〉 〈220〉 〈002〉 〈202〉 〈022〉 〈222〉

〈200, 020, 002〉
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Problem. Let R be a �nite 
hain ring and let RM be a (left) module over R.

What is the size of the largest anti
hain in the poset P(M) of all submodules of

RM?
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5. A Sperner-type Theorem for Free Modules

Let P be a graded poset.

It is said that level Li 
an be mat
hed into level Lj, where j = i− 1 or i+ 1, if

there is a mat
hing of size Wi in the subgraph of the Hasse graph of P de�ned

on the verti
es from Li ∪ Lj.

Theorem. Let P be a graded poset. If there exist indi
es g and h su
h that Li


an be mat
hed into Li+1 for all i = 0, 1, . . . , g − 1, and Lj 
an be mat
hed

into Lj−1 for all j = h+ 1, . . . , n then there exists a largest anti
hain whi
h is


ontained in levels Lg, Lg+1, . . . , Lh.
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Let R be a �nite 
hain ring with nilpoten
y index 2 and residue �eld Fq and let

RM = RR
n

.

Lemma A. Let a, b be non-negative integers with 2a+ b ≤ n. Denote by X

be the set of all submodules of RR
n

of shape 2a−11b+1

, and by Y � the set of all

submodules of RR
n

of shape 2a1b. Let G = (X ∪ Y,E) be the bipartite graph

with edges given by set-theoreti
al in
lusion. The X 
an be mat
hed into Y .

qa(n−a−b)[n−a
b

]

q

[n
a
]

q

q(a−1)(n−a−b)[n−a+1
b+1

]

q

[ n
a−1

]

q

2a−11b+1

2a1b

X

Y
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Lemma B. Let a be a non-negative integer with 2a+1 ≤ n. Denote by X be

the set of all submodules of RR
n

of shape 2a, and 2a−112, and by Y � the set

of all submodules of RR
n

of shape 2a11. Let G = (X ∪ Y,E) be the bipartite

graph with edges given by set-theoreti
al in
lusion. The X 
an be mat
hed into

Y .

[n−a
1

]

q

qa

qn−a−1(q + 1)

[a
1
]

q

2a−112

2a11

2a

X1

Y

X2
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Lemma C. Let G = (X ∪ Y,E) be a bipartite graph with X = X1 ∪X2 and

|X | ≤ |Y |. Ea
h vetex from Xi is adja
ent to xi verti
es of Y , and ea
h vertex

of Y is adja
ent to yi verti
es of Xi, i = 1, 2. If

y1 + y2 ≤ min(x1, x2),

then G has a mat
hing of |X | edges.

x1 x2

y1 y2

X1 X2

Y
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• L(m,n): the poset of all n-tuples λ = (λ1, . . . , λn) with m ≥ λ1 ≥ . . . ≥
λn ≥ 0 and

∑
λi ≤ mn with partial order de�ned by

λ � µ ⇐⇒ λ1 ≤ µ1, . . . λn ≤ µn.

• L(m,n) 
an be graded by the rank fun
tion r(λ) =
∑n

i=1 λi.

• L(m,n) is self dual: (λ1, . . . , λn) → (m− λn, . . . ,m− λ1).
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2511

26

2611
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2311
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2211
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2111
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2313

2412
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2513

2612

2213
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2113

2112
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2314
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2414
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2114
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2116
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18
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L(2, 8)
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Theorem. Let R be a �nite 
hain ring with nilpoten
y index 2 and residue �eld

of order q. Let P = P(Rn) be the partially ordered set of all submodules of

RR
n

with partial order given by in
lusion. Then P has the Sperner proerty and

the size of a maximal anti
hain in P is equal to

∑

µ≺2n

[
2n

µ

]

qm
,

where the sum is over all sequen
es µ = (µ1, . . . , µn) ≺ 2n with

n∑

i=1

µi = n.

� Finite Geometries 2022, Sixth Irsee Conferen
e, Kloster Irsee, Germany, 28.08.�03.09.2022 � 19



Theorem. Let R be a �nite 
hain ring with nilpoten
y index m and residue �eld

of order q. Let Pn = Pn(R) be the partially ordered set of all submodules of

RR
n

with partial order given by in
lusion. Then P has the Sperner proerty and

the size of a maximal anti
hain in P is equal to

∑

µ≺mn

[
mn

µ

]

qm
,

where the sum is over all partitions µ = (µ1, . . . , µn) ≺ mn with

n∑

i=1

µi = ⌊
mn

2
⌋.
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6. Partial Results for Non-free Modules

Let R be a �nite 
hain ring of nilpoten
y index 2 and with residue �eld Fq.

Set Γ = {γ0 = 0, γ1 = 1, γ2, . . . , γq−1} and radR = Rθ.

Let RM be a module of shape 211n, e.g. the module generated by the rows of

A =









1 0 0 . . . 0
0 θ 0 . . . 0
0 0 θ . . . 0

.
.
.

.
.
.

.
.
.

.

.

.

.
.
.

0 0 0 . . . θ









.

Consider the poset P(M) of all submodules of RM .
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Modules of shape 2112k

Theorem. Let M be a module of shape 2112k over the �nite 
hain ring R

of nilpoten
y index 2. Then P(M) has the Sperner property and the maximal

anti
hain has size Wk+1(P).
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(0)

2112k

2112k−1

211k+1

211k

211k−1

211k−2

21

12k+1

1k+3

1k+2

1k+1

1k

12

11

Lk+1
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Modules of shape 2112k−1

P(M) = P(R ⊕ radR)

(0)

〈(1, 0), (0, θ)〉

〈(θ, 0), (0, θ)〉
〈(1, 0)〉 〈(1, θγ1)〉 〈(1, θγ2)〉 〈(1, θγq−1)〉

〈(0, θ)〉〈(θ, θγ1)〉 〈(θ, θγ2)〉 〈(θ, θγq−1)〉〈(θ, 0)〉
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2112k−1

2112k−2

211k+1

211k

211k−1

211k−2

211k−3

12k

1k+3

1k+2

1k+1

1k

1k−1
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211k−2

211k−1

1k

1k+1

qk+1[2k−1
k−2

]

q

qk
[2k−1
k−1

]

q

[2k
k
]

q =

[2k−1
k−1

]

q
+ qk

[2k−1
k−1

]

q

[ 2k
k+1

]

q











θ 0 . . . 0
0

.
.
. ∗

0










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Theorem. Let M be a module of shape 2112k−1

over the �nite 
hain ring R

of nilpoten
y index 2. Then P(M) does not have the Sperner property and the

maximal anti
hain has size 2qk
[
2k − 1

k − 1

]

q

.
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