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I Question: can one classify these subgroups?
I Conjecture: G is line transitive or fixes a hyperplane and acts

transitively on the lines of the hyperplanes, or, dually, fixes a point
and acts transitively on the lines through the fixed point.

I Characterize the line orbits of G?
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Block’s lemma

Lemma (Block 1967)
Let G be a group acting on finite sets X and X′, with respective sizes n
and m.

Let O1, . . . ,Os, respectively O′1, . . . ,O′t be the orbits of the
action on X, respectively X′. Suppose that R ⊆ X × X′ is a G-invariant
relation and call A = (aij) the n×m matrix of this relation, i.e. axx′ = 1
if and only if xRx′ and axx′ = 0 otherwise.
(i) The vectors ATχOi , i = 1, . . . , s, are linear combinations of the

vectors χO′j .
(ii) If A has full row rank, then s ≤ t. If s = t, then all vectors χO′j are

linear combinations of the vectors ATχOi , hence χO′j ∈ Im(AT).
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Cameron-Liebler line classes

Consider PG(n,q), n ≥ 3. Let A be a 0/1-matrix,
I rows indexed by the points of PG(n,q);
I columns indexed by the lines of PG(n,q);
I Ax,l = 1 if and only if x ∈ l, otherwise 0.

Definition
A Cameron-Liebler line class of PG(n,q) is a set L of lines with
characteristic vector χL ∈ Im(AT).

Theorem (due to Block’s lemma)
The orbits of a group satisfying property * are Cameron-Liebler line
classes.
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Cameron-Liebler line classes
Definition
A line spread of PG(n,q) is a set S of lines of PG(n,q) partitioning the
point set of PG(n,q).

Theorem
A line spread in PG(n,q) exists if and only if 2 | n + 1.

Theorem (Cameron-Liebler 1982)
Let n be odd. A line set L is a Cameron-Liebler line set of PG(n,q) if
there exists a constant x ∈ N such that | L∩S | = x for any line spread
S of PG(n,q).

Remark
An orbit of a group satisfying property * is a Cameron-Liebler line set,
but the converse is not true (see Examples)
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Groups with property *

Theorem (Bamberg and Penttila (2008), Cameron (1985))
Let G 6 PΓL(n + 1,q) be a group having equally many orbits on the
points as on the lines of PG(n,q). Then G
1. stabilizes a hyperplane π and acts line-transitively on it, or

(dually),
2. fixes a point P and acts line-transitively on the quotient space, or,
3. is line-transitive. In this case, there are three possibilities,

a. G contains PSL(n + 1,q)
b. G = A7 6 PGL(4,2)
c. G is the normalizer in PGL(5,2) of a Singer cyclic group of PG(4,2).
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Examples of Cameron-Liebler line classes

Examples of Cameron-Liebler line classes in PG(3,q)

1. The set of lines through a point P
2. The set of lines in a hyperplane π
3. The union of (1) and (2) if P 6∈ π.
4. The complements of (1), (2) and (3) in the set of lines.

These examples are all trivial.

Theorem (Cameron 1985, Pavese 2019)
Example (3) is not an orbit of a group satisfying *.
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Non-trivial examples of CL line classes

Examples of non-trivial Cameron-Liebler line classes in PG(3,q)

(a) x = q2+1
2 , q odd (Drudge (1998), Bruen and Drudge (1999)).

(b) x = q2−1
2 , q ≡ 5, 9 mod 12 (DB, Demeyer, Metsch, Rodgers (2016),

and independently Feng, Momihara, Xiang (2015))
(c) x = q2+1

2 , q > 7 odd (Cossidente and Pavese (2019)) and q ≡ 1
mod 4, q ≥ 9 (Cossidente and Pavese (2019))

(d) x = (q+1)2
3 , q ≡ 2 mod 3 (Feng, Momihara, Rodgers, Xiang, Zou

(2021))

Non-trivial examples are rare.
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Restriction on the parameter x

Theorem (Gavrilyuk and Metsch (2014))
Suppose that L is a Cameron-Liebler line class with parameter x of
PG(3,q). Then for every plane and every point of PG(3,q),(

x
2

)
+ m(m− x) ≡ 0 mod (q + 1),

where m is the number of lines of L in the plane, respectively through
the point.
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Cameron-Liebler line classes in AG(3,q)

Definition
A line spread of AG(n,q) is a set S of lines of AG(n,q) partitioning the
point set of AG(n,q).

Definition (D’haeseleer, Mannaert, Storme, Švob)
A line set L is a Cameron-Liebler line set of AG(n,q) if there exists a
constant x ∈ N such that | L∩S | = x for any line spread S of AG(n,q).

Equivalent definition (D’haeseleer, Mannaert, Storme, Švob)
Let A be the point-line incidence matrix of AG(n,q). A CL line class of
AG(n,q) is a set L of lines with characteristic vector χL ∈ Im(AT)
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Cameron-Liebler line classes in AG(3,q)

Theorem (D’haeseleer, Mannaert, Storme, Švob)
Suppose that L is a CL line class in PG(3,q) of parameter x. Then L
defines a CL line class in AG(3,q) with the same parameter x if and
only if L is disjoint to the set of lines in the plane at infinity of AG(3,q).

Examples (b) and (d) of CL line classes in PG(3,q) turn out to be
affine.

Theorem (D’haeseleer, Mannaert, Storme, Švob)
Suppose that L is a Cameron-Liebler line class in AG(3,q) with
parameter x. Then

x(x− 1) ≡ 0 mod 2(q + 1) .
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Cameron-Liebler line classes in PG(n,q)

Definition
Let L be a Cameron-Lieber line class in PG(n,q), n ≥ 3. Then its
parameter x is defined as

| L |
qn−1 + . . .+ q + 1 .
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Cameron-Liebler line classes in PG(n,q)

Definition
Let L be a Cameron-Lieber line class in PG(n,q), n ≥ 3. Then its
parameter x is defined as

| L |
qn−1 + . . .+ q + 1 .

Lemma
The parameter is always an integer if and only if n is odd, i.e. if and
only if PG(n,q) admits line spreads, in which case x = | S ∩L | for S
any line spread of PG(n,q), in which case L is characterized by its
constant intersection property with line spreads.
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Cameron-Liebler line classes in PG(n,q)

Theorem
Suppose that L is a Cameron-Liebler line class in PG(n,q), n > 3.
Then for every i-dimensional subspace π, i > 2, the set L ∩ [π]1 is a
Cameron-Liebler line class of a certain parameter xπ in π.
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Cameron-Liebler line classes in PG(n,q)

Theorem
Suppose that L is a Cameron-Liebler line class in PG(n,q), n > 3.
Then for every i-dimensional subspace π, i > 2, the set L ∩ [π]1 is a
Cameron-Liebler line class of a certain parameter xπ in π.

Lemma (Blokhuis, De Boeck, D’haeseleer (2019))
Suppose that L is a Cameron- Liebler line class with parameter x in
PG(n,q), n ≥ 3. If ` is an arbitrary line in PG(n,q) then there are in total
q2 qn−2−1

q−1 (x−χ(`)) lines of L skew to `, χ(`) = 1 if ` ∈ L or 0 otherwise.
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Modular equalities

Theorem (DB, Mannaert (2022))
Suppose that L is a Cameron-Liebler line class in AG(n,q), n ≥ 3 odd,
with parameter x, then

x(x− 1) ≡ 0 mod 2(q + 1).
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Modular equalities

Theorem (DB, Mannaert (2022))
Suppose that L is a Cameron-Liebler line class in AG(n,q), n ≥ 3 odd,
with parameter x, then

x(x− 1) ≡ 0 mod 2(q + 1).

Theorem (DB, Mannaert, Storme (2022))
Let n ≥ 4. Suppose that L is a Cameron-Liebler line class in AG(n,q)
with parameter x, different from a point-pencil. Then

x ≥ 2
(
qn−1 − 1
q2 − 1

)
+ 1 .
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Modular equalities
Theorem (DB, Mannaert (2022))
Suppose that L is a Cameron-Liebler line class in AG(n,q), n ≥ 3 odd,
with parameter x, then

x(x− 1) ≡ 0 mod 2(q + 1).

Theorem (DB, Mannaert, Storme (2022))
Let n ≥ 4. Suppose that L is a Cameron-Liebler line class in AG(n,q)
with parameter x, different from a point-pencil. Then

x ≥ 2
(
qn−1 − 1
q2 − 1

)
+ 1 .

Example
Let n = 5, q = 7, then there remain only 274 possibilities for x apart
from x ∈ {0, 1,2400,2401}.
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Modular equalities

Theorem (DB, Mannaert (2022))
Suppose that L is a Cameron-Liebler line class with parameter x in
PG(n,q), with n ≥ 7 odd. Then for any point p,

x(x− 1) + 2m(m− x) ≡ 0 mod (q + 1) ,

where m is the number of lines of L through p.

Jan De Beule
A modular equality for Cameron-Liebler line classes in

projective and affine spaces of odd dimension 2022 13/15



References

J. Bamberg and T. Penttila, Overgroups of Cyclic Sylow Subgroups of Linear Groups, Comm. Algebra 36(7) (2008)
2503–2543.

R. E. Block, On the orbits of collineation groups, Math. Z. 96 (1967) 33–49.

A. Blokhuis, M. De Boeck, and J. D’haeseleer. Cameron-Liebler sets of k-spaces in PG(n, q). Des. Codes Cryptogr.,
87(8):1839–1856, 2019.

A. A. Bruen and K. Drudge, The construction of Cameron-Liebler line classes in PG(3, q), Finite Fields Appl. 5(1) (1999)
35–45.

P. J. Cameron and R. A. Liebler, Tactical decompositions and orbits of projective groups, Linear Algebra Appl. 46 (1982)
91–102.

P. J. Cameron. Four lectures on projective geometry, In Finite geometries (Winnipeg, Man., 1984), volume 103 of Lecture
Notes in Pure and Appl. Math., pages 27–63. Dekker, New York, 1985.

A. Cossidente and F. Pavese. New Cameron-Liebler line classes with parameter q2+1
2 . J. Algebraic Combin.,

49(2):193–208, 2019.

A. Cossidente and F. Pavese. Cameron-Liebler line classes of PG(3, q) admitting PGL(2, q). J. Combin. Theory Ser. A,
167:104–120, 2019.

J. De Beule, J. Demeyer, K. Metsch, and M. Rodgers, A new family of tight sets in Q+(5, q), Des. Codes Cryptogr. 78(3)
(2016) 655–678.

J. De Beule, J. D’haeseleer, F. Ihringer, J. Mannaert, Degree 2 Boolean Functions on Grassmann Graphs,
https://arxiv.org/abs/2202.03940

Jan De Beule
A modular equality for Cameron-Liebler line classes in

projective and affine spaces of odd dimension 2022 14/15

https://arxiv.org/abs/2202.03940


References

J. De Beule and J. Mannaert, A modular equality for Cameron-Liebler line classes in projective and affine spaces of odd
dimension, Finite Fields Appl. 82 (2022) 102047.

J. De Beule, J. Mannaert, and L. Storme. Cameron-Liebler k-sets in subspaces and non-existence conditions. Des.
Codes Cryptogr., 90(3):633–651, 2022.

J. De Beule, J. Mannaert, and L. Storme. Cameron-Liebler k-sets in subspaces and non-existence conditions, Des. Codes
Cryptogr. 90(3) (2022) 633–651.

J. D’haeseleer, J. Mannaert, L. Storme, and A. Švob. Cameron-Liebler line classes in AG(3, q). Finite Fields Appl.,
67:101706, 17pp., 2020.

T. Feng, K. Momihara, and Q. Xiang. Cameron-Liebler line classes with parameter x = q2−1
2 . J. Combin. Theory Ser. A,

133:307–338, 2015.

Tao Feng, Koji Momihara, Morgan Rodgers, Qing Xiang, and Hanlin Zou. Cameron-Liebler line classes with parameter

x =
(q+1)2

3 . Adv. Math., 385:Paper No. 107780, 31, 2021.

Y. Filmus, Friedgut–Kalai–Naor theorem for slices of the Boolean cube, Chic. J. Theoret. Comput. Sci. 14 (2016) 1–17.

A. L. Gavrilyuk and K. Metsch. A modular equality for Cameron-Liebler line classes. J. Combin. Theory Ser. A,
127:224–242, 2014.

A. D. Meyerowitz, Cycle-balanced partitions in distance-regular graphs, J. Combin. Inform. System Sci. 17(1-2) (1992)
39–42.

F. Pavese. Groups of finite projective spaces and their geometries, 2019. Lecture notes of Summerschool “Finite
Geometry and Friends”.

Jan De Beule
A modular equality for Cameron-Liebler line classes in

projective and affine spaces of odd dimension 2022 15/15


	Cameron-Liebler line classes in general dimension

