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| ambda calculus

e Lelbniz had as ideal the following

1) Create a ‘universal language’ in which all possible
problems can be stated.

2) Find a decision method to solve all the problems
stated in the universal language.

* (1) was fulfilled by

— Set theory + predicate calculus (Frege,Russel,Zermelo)

* (2) has become important philosophical problem:

— Can one solve all problems formulated in the universal
language”?
— Entscheidungsproblem



Entscheidungsproblem

 Negative outcome

e Alonzo Church, 1936
— Proposes LC as extension of logic
— Shows the existance of undecidable problem

— Functional programming languages

e Alan Turing, 1936

— Proposes TM
— Turing proved that both models define the same class
of computable functions

— Corresponds to Von Neumann computers
— Imperative programming languages



Functions

* Function is basic concept of classical and modern
mathematics
 Let A and B be sets and let f be relation.
— dom(f) = X
— VX € A3 unique y € Bsuchthat (x,y) € f
— Uniquness: (x,y) € f A (x,2) € f=>y=z
— f maps or transforms x to y
e f:A-> B
— fis function from A to B



Lambda notation

e Lambda expression

— Pure lambda calculus expression includes
e variables: x, y, z, ...
e lambda abstraction: Ax.M
o application;. M N

e Lambda abstraction Ax.M represents function

— x Is function argument
— M is function expression
« Recelpt that specifies how function is »computed«
e Application M N

— If M = Ax.M' then all occurences of x in M' are
replaced with N

— Mechanical definition of parameter passing



On notations

e Let x + 1 be expression with variable x
— Mathematical notation: f(x) =x + 1
— Lambda notation: Ax.(x + 1)

 Let x + Yy be expression where x and y are
variables

— Mathematical notation: f(x,y) =x+Yy
— Lambda notation: AXx.Ay.(x + y)

e Obvious difference:
— A-notation does not name function



Definition of LC syntax

Definition: The set of A-expressions A is constructed
from infinite set of variables {v,v',v",v", ...} by using
application and A-abstraction:

xeV = xeAN
M,NeN = (M N)EAN
XEeV MeN = Ax.MeAN

Backus-Naur form of A-calculus syntax:
M:=V|Av.M) | (MN)
V:i=vv 6v'...



Syntax rules

o Application is left-associative
MNL=(MN)L
« N-abstraction Is right-associative
AXAYAzZM N L = Ax.(Ay.(Az.((M N) L)))
* We often use the following abbreviation
AXyz.M = AX.Ay.Az.M



Examples

* Let's see some examples of A-expression
— Notice spaces!

y

y X

(AX.y X) Z

(AX.AY.X) Z W

(AfAXf (T X)) (AV.AY.V Y)



Examples: A and ocaml

Some A-expressions (notice spaces!):

In OCaml:

3
AX. X

(AX.X) (Ay.y * y)
(Az.z + 1) 3

# 3;;
: int = 3

# function x -> X;;

. ’

a -> 'a =
# (function x

: int -> int
# (function z
- int =4

<fun>

->

->

x) (function y->y*y);;
<fun>
z + 1) 3;;



Free and bound variables

* Abstraction Ax.M binds variable x in expression M

— In simmilar manner the function argumens are bound
to the function body

M is scope of variable x in experssion Ax.M

e Variable x is free in some expression M if there
exist no A-abstraction that binds it

 Name of free variable is important while the name
of bound variable is not

 Example:
AX.(X +Y)



Computing free variables

Definition: The set of free variables of A-expression
M, denoted FV(M), is defined with the following
rules:

FV(x) = {x}
FV(M N ) = FV(M) U FV(N)
FV(Ax.M) = FV(M) — {x}

Example:
FV(Ax.x (Ay.xy z)) ={z}

Definition: A-expression M is closed if FV(M)={}.



Substitution

e Substitution is the basis of LC evaluation
— Computing is string rewriting ?

e Substitute all iInstances of a variable x In A-
expression M with N:

[N/X]M

Definition: Let M,N&EA and x,z&V. Substitution rules:
[N/X]x =N
[N/X]z =2z, ifz # X
[N/X](L M) = (IN/X]L)([N/X]M )
[N/X](Az.M ) = Az.(IN/X]M ), if z#x A ZzEFV(N)



Example

[V(AV.V)/X]Az.(Au.u) z x
= Az.(Au.u) z (y (Av.v))
* Check evaluation of substitution rules !



Alpha conversion

 Renaming bound variables in A-expression yields
equivalent A-expression

 Example:
AXX = AY.Y
* Alpha conversion rule:
MX.M = Ay.([y/xIM ), if yEFV(M).



Example: a-conversion

e /\-exapression:
AT (F X)) .y + X)
* Analysis of expression:
— (M.AX.f (f X)) -- x and f are bound variables.
— (Ay.y + X) —y is bound and x is free variable.

— We have two instances of variable x
 Can not rename free variables!

— Variable x in (AMf.Ax.f (f X)) can be renamed.
e A-conversion:

— (MAXT (f X)) = MAz.[z/X]f (f X) = M.Az.f (f 2)

— Result: (Mf.Az.f (f 2)) (Ay.y + X)



Evaluation

» A-calculus is very expressive language equivalent
to Turing machine

« Evaluation of A-expressions is based on:
1) a-coversion and

2) substitution
 Evaluation is often called reduction

* A-expressions are reduced to value

— Values are normal forms of A-expressions i.e. A-
expressions that can not be further reduced



B-reduction

e [3-reduction is the only rule used for evaluation of
pure A-calculus (aside from renaming)

e EXxpression (Ax.M) N stands for operator (Ax.M)
applied to parameter N

 [ntuitive interpretation of (Ax.M) N Is substitution
of xIn M for N



B-reduction

Definition: Let Ax.M be A-expression. Application of
(Ax.M) on parameter N Is implemented with [3-
reduction:

(Ax.M) N = [N/X]M

* Expression (AX.M) N is called redex (reducable
expression)

e EXxpression [N/x]M is called contractum



B-reduction

* P includes redex (Ax.M) N that is substituted with
[N/X]M and we obtain P’

 We say that P 3-reduces to P':
P —g P’
Definition: B-derivation is composed of one or
more B-reductions. B-derivation from M to N:
M »gN



[B-normal form

Definition: 1) A-expression Q that does not include
[B-redexes is in B-normal form.

2) The class of all B-normal forms is called (3-nf.

3) If P 3-reduces to Q, which is 3-nf, then Q is [3-
normal form of P,



Examples of B-reduction

e (AXXY)(UV)—=gUVY
o (AX.AY.X) ZW =3 (AY.2)W =3 Z
(AX.AY.X) Z W 3 Z
o (AX.(AY.yX)Z)v = [V/X]I(AY.yX) z = (AY.yV) Z
- [z/ylyv = zv



Example: a-coversion in [3-reduction

e N\-expression:
X (F X)) (AY.Y + X)
* Blind substitution:
= MX.((AYy + X) ((AY.y + X) X))
= AX.(AY.Y + X) (X+X)
= AXX+ X+ X
* Correct substitution:
Azf (f 2) O\y.y + X)
= AZ.((Ay.y + x) ((AY.y +X) 2))
= AZ.((Ay.y + Xx) (Z + X))
=NZ.Z+ X+ X



Examples of the evaluation

« Example with identity function
(AX.X)E = [E/X]x = E

e Another example with identity function
(Af.f (AX.X))(AX.X) =
[(AX.X)/f ] (AX.X) = [(AXX)/f ]f (Ay.y) =
(AX.X)(Ay.y) =
[(AY.y)/X]X = Ay.y



Examples of the evaluation

* Repeating B-derivation

(AX.XX)(AY.YY)
= [(AY.yY)/X]xx = (AX.XX)(AY.yY)
= [(AY.yy)/IX]xx = (AX.XX)(AY.yY)
e Counting B-derivation:
(AX.XXY)(AX.XXY)
= [(AX.XXY)/X]XXY = (AX.XXY)(AX.XXY)Y

= ([(AX.XXY)/X]XXY)Y = (AXXXY)(AX.XXY)YY = ...



Higher-order functions

* Higher-order function is a function that can either:
— take another function as an argument, or,
— return function as the result of function application.

 Example:
— Construct compositum: (fof)(x) = f(f(x))
— Lambda expression: Af.AX.f (f x)

(AMAXT (X)) (Ay.y + 1)
= M.(Ay.y + 1)((Ay.y + 1) x)
= AX.(Ay.y + 1)(x + 1)
=M.(X+1)+1



Higher-order functions

 The same function (fof)(x) in Lisp
(lambda(f)(lambda(x)(f (f x))))

((lambda(f)(lambda(x)(f (f x))))(lambda(y)(+ y 1))
= (lambda(x)((lambda(y)(+ y 1))((lambda(y)(+ y 1)) x))))
= (lambda(x)((lambda(y)(+ y 1))(+ x 1))))
= (lambda(x)(+ (+ x 1) 1))



Examples in Ocami

# let ¢ = 4;;

val ¢ : int = 4

# let sq = function x -> x*Xx;; (* AX.x*x *)
val sq : int -> int = <fun>
# let nx = function x -> x + 1;; (" AX.x+1 *)
val nx : int -> int = <fun>

# let composel = function f -> function x -> f(f(x));;
val composel : ('a -> 'a) -> 'a -> 'a = <fun>
# let compose = function f -> function g -> function x -> f(g(x));;

val compose : ('a -> 'b) -> ('c -> 'a) -> 'c -> 'b = <fun>

# let rcompose = function f -> function g -> function x -> g(f(x));;

val rcompose : ('a -> 'b) -> ('b -> 'c) -> 'a -> 'c = <fun>

# (compose nx nx) 3;;
- :int =5

# (compose sq nx) 3;;
- : int = 16

# (rcompose sq nx) 3;;
- ¢ int = 10

(* AMF.AXLF(F(Xx)) *)

(* Af.Ag.AX.T(g(x)) *)

(" Af.Ag.Ax.g(f(x)) *)



Programming in LC

e Function in Curry form
e Combinators

— Primitives of programming languages
* Logical values

— If statement

e Integer numbers
— Arithmetics

e Recursion



Curry functions

e Functions can have single parameter in A-calculus

* Multiple parameters can be implemented by using
higher-order functions
* Fis function with parameters (N, L) and body M

— M be expression with free variables x and y
— We wish to replace x with N and y with L

e Curry notation: F = AX.Ay.M
— FN L - (AY.[N/X]M )L = [L/y][N/X]M
— N-calculus with pairs: F = A(X,y).M

e Transformation from A(X,y).M to AX.Ay.M is called
Currying



Example: Curry functions

e Math notation: sum = A(X,y).X + Yy
—sum : Z-7-7 (type of sum)

o Curry notation: sum = AX.Ay.X +y

— Application to the first argument returns a function.
funkcijo.

—suma = (AX.AYy.X +Yy)a->Ay.a + Yy
— suma : Z-/7
e Ocaml libraries are written in Curry notation
— New functions can be defined from existing functions.

— Examples will be presented on the lecture on Functional
languages



Combinators

 Combinators are primitive functions
— EXpressing basic operations of computation
— Functions: identity, composition, choice, etc.

« Combinatory logic CL
— Curry, Feys, 1958
— Combinators are building blocks of CL
— CL uses combinators I, Kand S

 Combinators are often used in programming
languages
— Functions that construct new functions (genericity?)
« Examples will be given when we present fun. languages
— Higher-order functions: apply, map, fold, filter, etc.



Combinators

e |dentity function:
| = AX.X

 Choosing one argument of two (if):
K = AX.(AY.X)

e Passing argument to two functions:
S = AXAY.AZ.(X 2)(Y 2)

e Function that repeats itself (loop):
Q = (AX.X X)(AX.X X)

e Function composition:
B = AMf.AQ.AX.f(g X)



Combinators

* Inverse function composition:
B' = M.Ag.AX.g(f X)
« Duplication of function argument:
W = AfAX.f X X
e Recursive function:
Y = M.(AX.f (X X))(AX.T (X X))



Logical values

 How to represent truth (logical) values?
— true = At.Af.t | function returning first argument of two
— false = ALALf | function returning second argument of two
* |F statement is simple application of truth value
— ALAM.AN. I mn
— Truth value determines first or second choice
e Evaluation of IF statement
IFtrue MN = (ALAM.An. I mn) true M N -
(Am.An. truemn) MN -
true M N = (AtAfY) MN -
(MM )N - M



Logical values

» Logical operations
AND = A\p.AgQ.pgp
OR=Ap.AQ.pPQ
NOT = Ap.p false true
IF = Ap.Aa.Ab.pab

« Examples:

AND true false
= (Ap.Ag.p q p) true false
= true false true
= (At.Af.1) false true
= false

OR true false
= (Ap.AQ.p p Q) true false
= true true false
= (At.Af.1) true false
= true

(AX.AY.IF (AND x (NOT y)) M N) true false
= IF (AND true (NOT false)) M N
= (Ap.Aa.Ab.p a b) (AND true (NOT false)) M N
= (AND true (NOT false)) M N
=true M N
=M

NOT true
= (Ap.p false true) true
= true false true
= false




Co = Az.AS.Z

ChurCh numbers Cli)\Z.)\S.SZ
C, = Az.As.S(s 2)

e Peanovi aksiomi Co=Az.As.s(s(...(s2)...)
— 0€ENL

— n&ENpy = n+1&N)

 Number n is represented with C,
— n=0+1+...+41 | ntimes successor of O
— z stands for zero and s represents successor function

* Arithmetic operations
— Plus = Am.An.AZ.As.m (nzS) s
— Times = Am.An.m C, (Plus n)



Church numbers

(Plus 1 2) »- 3

Plus (Az.As.s z) (Az.As.s(s 2)) -

(AM.An.Az.As.m(n z S)S) (Az.AS.S Z) (Az.AS.S(S 2)) -
(AN.AZ.AS.(Az.As.s Z)(n 2 S)S) (AzZ.AS.S(S 2)) -
AZ.AS.(Az.As.S Z2)((Az.As.s(s 2)) z S)s —
AZ.AS.(Az.As.s Z)((As.s(s 2)) S)s -

AZ.AS.(Az.AS.S Z)(S(s z))s =

AZ.AS.(((Az.As.s Z) (S(s 2)))s) -

AZ.AS.((As.s(s (s 2)))s) -

AZ.AS.S(S (S 2))



Recursion

e Recursion can be expressed using combinator Y
— Y = AL (AX.f (X X)) (AX.f (X X))
e Important property of Y
~YF=F(YF)
— Proof:
Y F = M.(AX.f (X X))(AX.f (X X)) F =
(AX.F (X X))(AX.F (X X)) =
F ((AX.F (X X))(AX.F (X X))) «
F (M. (X X)Of (X X)) F) =
F(YF)



Recursion

ifn=0then1l

. . Isen *x (ifn—1=0thenl
. Al e

— Intuitive definition else (n —2) % ...

o Definition of recursive
function F
— G=MM | Mis body of f
~-F=YG

* Derivationof F F=YG

=G (Y G)

=G (Y G)

= G (G (Y GQ))




Factorial

Fact = Afact.An.if (IsZero n) C1 (Times n (fact (Pred n)))
Factorial = Y Fact

Factorial C2 =Y Fact C2

= Fact (Y Fact) C2

=g (Afact.An.if (IsZero n) C1 (Times n (fact (Pred n)))) (Y Fact) C2
=g (An.if (IsZero n) C1 (Times n (Y Fact (Pred n)))) C2

=g If (IsZero C2 ) C1 (Times C2 (Y Fact (Pred C2)))

=; if False C1 (Times C2 (Y Fact C1)))

=g Times C2 (Y Fact C1 )

= Times C2 (Factorial C1)



Is every A-expression normalizable?

« Definitely not!
e Let L = (AX.XXY)(AX.XXY).
L->Ly - Lyy-..
 Let P = (Au.v)L. P can be reduced in two ways.
— P = (Au.v)L = ([L/Ujv)L = v
— P = (Au.v)Ly
= (Au.v)Lyy
- ...

* P has [-nf but also infinite derivation!
— N\-calculus is undecidable (partialy computable function)



On evaluation order

e Some A-expressions can be reduced in more than
one way.

 Example:
1) A.AY.yX)2)v—=>(Ayyv)z—>2zvVv
2) (MC(AY.YX)Z)V=>(AX.ZX)V =2V
« Evaluation strategies:
— Normal form strategie

— Call by name
— Call by value



Evaluation strategies

Example A-expression:. (Ax.x) ((Ax.x) (Az. (AX.x) 2))
Shorter form: Id (id (Az.id 2))

1) Full B-reduction is a strategie: At each step we pick some
redex, anywhere inside the term we are evaluating, and

reduce lIt.
Id (id (Az.id 2))
- 1d (id (Az.z))
- 1d (Az.2)
— NZ.Z




Evaluation strategies

2) Under the normal order strategy, the leftmost, outermost
redex is always reduced first.

Id (id (Az.id 2))
- 1d (Az.id z)
—~ Az.id z
—~ NZ2.Z

3) The call by name strategy is yet more restrictive, allowing no
reductions inside A-abstractions. Except for this rule, the
strategy Is the same as the normal form strategy.

Id (id (Az.id 2))
~ id (\z.id 2)
~ Az.id z
-/




Evaluation strategies

4) The call by value strategy reduces only outermost redexes
and a redex iIs reduced only when its right-hand side has
already been reduced to a value.

id (id (M\z.id 2))
- id (A\z.id 2)
L Az.id z
Ny

In the second line, the argument (Az.id z) is not reduced (before
the reduction of outermost redex) since it is not redex.




Example: Evaluation strategies

Gced = Agecd. Ax.Ay.IF (EQy CO) x (ged y (MOD x y))
GCD =Y Gcd

Strategy call-by-value:

GCD (Times C2 C2) (Minus C3 C1)
= GCD (Times C2 C2) C2
=GCDC4C2=(Y Gcd) C4C2=0cd (Y Ged) C4 C2
= (Agcd.Ax.AY.IF (EQ Yy CO) x (gcd y (MOD x y))) (Y Ged) C4 C2
= IF (EQ C2 CO0) C4 ((Y Gcd) C2 (MOD C4 C2))
= IF (EQ C2 CO0) C4 ((Y_Gcd) C2 C0O)
= IF (EQ C2 CO0) C4 (Gcd (Y Gced) C2 CO0)
= IF (EQ C2 CO) C4 ((Agcd.Ax.AV.IF (E 0) x (gcd y (MOD x Y Gced) C2 C0O)

= IF (EQ C2 C0) C4 (IF (EQ CO0 CO0) C2 ((Y Ged) CO (MOD C2 CO0)))
= IF (EQ C2 C0) C4 C2

=C2




Church-Rosser theorem

A central theorem In lambda calculus.

Theorem: Let P »z M and P »¢ N, then there exists
Tsuchthat M »s T and N »¢ T.



Conseguences of CR

e M=sN=dL:M-»sL A N-»L
— M derivation of (derived from) N = they have the
same value

e If Nis [3-nf of expression M then M »g N
— N is value of M = there must be a derivation

* Every expression has exactly one 3-nf
— Consistency of A-calculus: A ~true =g false



Properties of LC

e LC Is consistent

 LC s equivalentto TM (Turing machine)

— LC is r.e. language
— LC is partially computable (not total !)

« LC with types is total function
— Very limited class of languages
 The characterisation of total TM Is not known



	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24
	Slide 25
	Slide 26
	Slide 27
	Slide 28
	Slide 29
	Slide 30
	Slide 31
	Slide 32
	Slide 33
	Slide 34
	Slide 35
	Slide 36
	Slide 37
	Slide 38
	Slide 39
	Slide 40
	Slide 41
	Slide 42
	Slide 43
	Slide 44
	Slide 45
	Slide 46
	Slide 47
	Slide 48
	Slide 49
	Slide 50
	Slide 51

