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Chapter 1

Introduction

1.1 Motivation and outline

Stein’s method serves as a powerful tool for estimating the error in approximating com-
plicated probability distributions by more tractable ones. It was introduced in 1970 by
Charles Stein (1920-2016) [31], first for assessing the error in the central limit theo-
rem. Recall that, roughly speaking, if X, X5,..., X, are independent and identically
distributed random variables with mean y; and variance o, then:

X1_|_X2—|—+Xn%~/\/(n/’b17no-%>

or equivalently,

Ul\/ﬁ

Keeping y; and o? fixed, it is known that the larger n, the smaller is the error in the preced-
ing approximation. Although the error was estimated well before Stein, most prominently
by Berry [7] and Esseen [16], Stein’s method allows for numerous generalizations where
classical approaches, such as characteristic functions, seem not to work. In particular,
Stein’s method succeeds to cope successfully with many sorts of dependence.

M N(0,1).

Stein’s method has been adapted to numerous other approximations. The first such mod-
ification seems to be due to Louis H'Y Chen [9], who adapted it to Poisson approximation.
Recall that if A > 0 and X, X5, ... are independent and identically distributed random

variables following the Bernoulli distribution Be(A/n) = (1 _0)\ In /\}n)’ then:

Xi+ Xy + -+ X, = Po()).

There are several surveys of Stein’s method. Stein summarizes his work in his book [32].
For more modern surveys, see Barbour [2], and Barbour and Chen [3, 4].

The idea behind Stein’s method could be viewed as follows: let .#Z be a vector space of
certain signed measures containing a tractable probability measure v. To approximate
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other (presumably complicated) measures p € .# by v, we first find a linear operator
B: .# — % which annihilates v, i. e.,

By =0;

here, % is another vector space. We strive to measure the size of the error y — v in terms
of the size of Bpu.

The equality Brv = 0 can be rewritten as v € ker B. If ;1 — v can be estimated in terms of
B, then B should separate probability measures sufficiently well, so that it is reasonable
to assume that ker B = span({r}). Denoting

(h, p) = /hd,o (1.1.1)
(provided that h € L'(|p|)), observe that the operator

Qp:=p—(1,pv

has the very same kernel. Therefore, looking algebraically, there exists a linear operator

T: % — A, such that TB = Q:

Q
M —— M
B
// T

Remark 1.1.1. The operator Qp := p— (1, p) v is not the only option, but in the present
notes, we shall not consider other possibilities.

If i is a probability measure, then Qu = 7 Bp = o — v. Therefore, in order to bound the
size of ;1 — v, we can first bound the size of By and then the size of TBu.

By size, we here mean a suitable seminorm. Seminorms are often based on a certain class
of test functions .777:

lpll = sup A, p)
hesq
(provided that h € L'(|p|) for all h € JA): see Appendix A.
Suppose that B is dual to some operator A. That is, suppose that:

o JA C ', where S is another vector space, such that h € L!(|p|) for all h € ;

e there is another vector space .# and a bilinear function from . x % to R again
denoted by (-, -);

o A: F — I is such that (f, Bp) = (Af, p) forall f € .# and pe 4.

Remark 1.1.2. In practice, .# is a space of functions, though it could in general be any
vector space.
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Then, of course,

(Af, v)y={(f,Br)=0.
Seeking 7 as being dual to some operator S: J — %, observe that
(hy p—v)y={_(h, TBu) = (ASh, )
and, on the other hand,

<ha ,U_V> = <h_<h7 V>17 ﬂ>
Putting all together, we obtain

Outline of Stein’s method. To estimate (h, u — v) for all h €

1. Find a vector space . and a linear operator A: % — S, such that (Af, v) =0
for all f € .#. The operator A is called Stein operator.

2. For each h € 57, find f € .Z solving the Stein equation
Af =h—(h, v)1l.

Then we have

(h,p—v)=(Af, n).

3. Efficiently bound the right hand side of the preceding equation, which is called Stein
expectation.

Remark 1.1.3. One we have found A, we can drop the assumption that it is dual to
some operator 3. This allows us to extend the space .#, i. e., the family of measures
which can be approximated.

1.2 Basic examples of Stein operators

There is no unique way of finding a Stein operator. Indeed, there might be different Stein
operator for the same approximating distribution v. Below, we give two basic methods:

1. We derive the operator from the approzimating distribution v (provided that we
already have one in mind). Typically we first derive the operator B by comparing
consequent point probabilities (for discrete distributions) or by differentiating the
density (for continuous distributions). Then observe that B is dual to some A.

2. We derive the operator from the probability distribution u, which is to be approxi-
mated. Let W be a random variable with distribution u. Typically, we perturb W
to W', which is defined on the same probability space and follows the same distri-
bution p. Often, W and W’ are exchangeable, but in general, this is not necessary.
Next, if G is a linear operator, such that

E[f(W) = f(W) | W] =Gf(W),
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then E[gf(W)} = 0. If G is tractable, we can seek A ~ G. We often rescale and
seek A =~ kG, where k is a constant factor (if we consider a sequence of random
variables W,,, the order of the underlying operators G, often depends on n, whereas
we wish the operators A, to converge to a certain operator). If G is not tractable,
we can try

E[s(f(W) = f(W)) = Ry | W] = Af (W),
where R; is intended to be of smaller order than x(f(W’) — f(W)), as we seek A
close to kG.

It is also possible to consider several perturbations W/ . If they are indexed over a
countable set, consider factors k., and let

E[Zna(f(w’) — f(W)) — Ry | W] =Af(W). (1.2.1)

The perturbations can even be indexed over a measurable space. In this case, take
k to be a measure on this space and let

E U(f(WC;) — F(V)) K(de) — By ’ W} — Af(W). (1.2.2)

The approximating distribution » should be an annihilator of the image of A, i. e.,
(Af,v)=0forall f e .# (by this method, .# must be a space of functions). This
method can also help solve the Stein equation. Details will be given later: see the
beginning of Chapter 2.

Below we give three examples of Stein operators obtained by the first method. Applica-
tions of the second method will be given later.

1. Poisson approzimation. Let A > 0 and let v = Po(\) be the Poisson distribution.
This is a probability measure on Ny := {0, 1,2,...}. Signed measures on Ny can be
identified with their mass functions, so that we simply write

Nee=A
v(k) = o
Accordingly, for each signed measure p on Ny and each function h € L'(|p|), we

have

(h,p)=>_ h(k)p(k).

o

Now observe that
vik—1) k

v(k) A
for all £ € N :={1,2,3,...}. This can be formulated in terms of linear operators:
let B be the operator mapping from the space .# of signed measures p on Ny with
Y oreok|p(k)| < 0o to the space % of all signed measures on N defined by

Bp(k) == Ap(k —1) — kp(k).
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Then Br = 0.
Now let .# be the space of all bounded functions on N. Observe that for each
feZ,
(. Bp) =D Nf(k)plk—1) =Yk f(k) p(k)
k=1 k=1
=D Afw+ 1) pw) = > w f(w) p(w)
w=0 w=1

(notice that all sums converge due to the definitions of . and #/). Let J¢ be the
space of all functions on Ny, such that there exists M, such that |h(w)| < M w for
all w € Ny. Then B is dual to the operator A: % — 5 defined by

A fw+1l) —w f(w) ;w=1,2,3,...
Af(w) := { (D) w=0, (1.2.3)

This is the usual Stein operator for the Poisson distribution. To simplify computa-
tions, we shall usually assume that f is also defined at 0 in an arbitrary way.

2. Binomial approzimation. Let n € N, let 0 < 6 < 1 and let v = Bin(n, ) be the
binomial distribution. This is a probability measure on {0, 1,2,...,n} given by

v(k) = (Z) ok (1 — g)n* .

Similarly as for the Poisson distribution, observe that

v(k—1) k 1-6

vik)  n—k+1 0

for all k € {1,2,...,n}. Thus, if B be the operator mapping from the space .# of
signed measures (or, equivalently, functions) on {0,1,...,n} to the space # of all
signed measures on {1,2,...,n} defined by

Bp(k) == (n—k+1)0 p(k —1) — k(1 = 0) p(k),

we have Br = 0.

Leting .# be the space of all functions on {1,2,...,n}, observe that for each f € %,

n

(f. Bpy=> (n—k+1)0 f(k)p(k —1) = > k(1 —0) f(k) p(k)

n

(n—w)d flw+1)plw) = p w(l—=0)f(w)p(w).

0 w=1

3

—_

(]

w
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Letting 5% be the space of all functions on {0,1,2,...,n}, B is dual to the operator
A: F — I defined by

(n—w)f flw+1)—w(l—-10) f(w) ;w=1,2.3,....,n—1

Af(w) = (n —w)d f(1) ;w=0
—n(1—40) f(w) Tw=mn.

This is one of possible choices for the Stein operator for the binomial distribution.
Again, to simplify computations, we can assume that f is also defined at 0 and n+1
in an arbitrary way.

3. Normal and other continuous approzimations. Let v = N(0,1) be the standard
normal distribution (the generalization to arbitrary mean and variance is straight-
forward). This is a continuous distribution, and we shall identify continuous distri-
butions with their densities (more precisely, with equivalence classes of functions,
where two functions are equivalent if they differ on a set with measure zero). Thus,
we have

v(z) = e /2

which is differentiable with

V(z)=—ze "2,

Thus, if, let’s say, .# is the space of all continuously differentiable functions on the
real line with exponentially decaying derivative, % is the space of all continuous
exponentially decaying functions, and B: .# — % is defined by

Bp(z) == p'(x) + z p(x),

then By = 0. Let .% be the space of all continuously differentiable functions on the
real line of polynomial growth. For each f € % and p € ., integration by parts
gives

B = [ @t [t ol

/ f(z dx—l—/_i:cf(x)p(a:)dx

(polynomial growth of f and exponential decay of p ensure that lim, .+, f(x) p(z) =
0). Letting ¢ be the space of all functions on the real line of polynomial growth,
we find that B is dual to the operator A: % — 5 defined by

Af(w) == —f'(z) + = f(z).
However, usually, we take A with the opposite sign, i. e., Af(w) = f'(z) — = f(x).

Remark 1.2.1. In view of Remark 1.1.3, the preceding derivation of the Stein operator
for the normal distribution does not imply that normal approximation is restricted to
measures with continuously differentiable densities. Indeed, the space .# can be extended
to quite a general class of measures, but the extension can depend on the class ¢ of test
functions.
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Remark 1.2.2. Under suitable conditions, for a probability density v with continuously
differentiable derivative and with v/(z) = ¢ (x) v(x), we obtain a Stein operator Af(z) =
f'(x) —(x) f(z). We omit the details.



Chapter 2

Poisson approximation

2.1 Independent trials

Let X; ~ Be(p;), i € ., be independent Bernoulli random variables, i. e., P(X; = 1) = p;
and P(X; = 0) = 1 —p; for all i € .#. Assume that )_,_ , p; = A < oo. Notice that due to
the latter condition, we can assume without loss of generality that .# is countable (but
may be infinite). By a well known result, the sum W = %"._ , X converges almost surely.

It is known that if, roughly speaking, the p;’s are small, then W approximately follows
the Poisson distribution. However, we shall here pretend that we do not know this fact
and try to find a Stein operator by the second method mentioned at the beginning of
Section 1.2. Actually, at some point, we use the fact that if & = {1,2,...,n}, p; = A/n
for all ¢ and n tends to the infinity, then W weakly converges to some distribution, but
we will not need to know to which one.

Let the collection (X/);c» be an independent copy of the collection (X;);c». Denote
W, =W - X, = Zje]\{i} X;. Then W/ := W; + X/ follows the same distribution as W.
In fact, W and W’ even form an exchangeable pair, but we shall not need this fact.
Define a relation U ~ V iff E(U | W) = E(V | W). In addition, let Af(w) := f(w+1) —
f(w) be the forward difference. Now take a function g: Ny — R and observe that
g(W)) = g(W) = (g(W]) = g(Wy)) — (9(W) — g(W7))

= Ag(Wi) X — Ag(W — 1) X;

~pi Ag(W;) — Ag(W —1)X;

=pi Ag(W) — p; AZQ(W - 1)X; = Ag(W - 1)X;

with the following two supplements:

e The calculation is valid provided that AZ%g is bounded: if |A%g(w)] < M for all
w € Ny, then [Ag(W;) — Ag(W)| < |A%g(W)| < M. Thus, E(|Ag(W;)| | W) <
[Ag(W)| + M and E(|Ag(W:)|X; | W) < pi(|Ag(W)| + M).

e For the sake of simplicity, we here assume that ¢ is also defined at —1; the values
of the expressions are independent of the choice of g(—1).

11
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Now, in view of (1.2.1), sum over i:
> (9(W]) = g(W)) ~ AAg(W) = > pi A%g(W = 1)X; = Ag(W — )W
ics i€s
= AQ(W) - sz‘ APg(W —1)X;,
ics
where Ag(w) := A Ag(w) — Ag(w — 1) w, noting that if A%g is bounded, the summation
is valid as well (in particular, all expressions almost surely exist). As a result, we have
E[AQ(W)} = ZPiE[AQQ(W - 1>Xi} )
ices
From Section 1.2, recall that it makes sense to choose A so that Yoics Di Ag(W —1)X,

is of smaller order than Ag(W). In our case, if |A%2g(w)| < M for all w € Ny (but not
necessarily w = —1), we can estimate:

> piE|AW - 1)X; | <MY pF
€S €S

Now if & = {1,2,...,n}, p; = A/n for all i and n tends to the infinity, then recall that W

weakly converges to some distribution, or, say, random variable. Then it is plausible that
Ag(W) also converges in distribution to some random variable, while >>._, p? = X\*/n

tends to zero. Thus, correct terms have been stored into Ag(W).

We should now seek a probability measure v which annihilates the image of /. However,
we can just observe that Ag = Af, where f(w) = Ag(w — 1) and where A is defined as
in (1.2.3), that is
Af(w) = Af(w+1) —w f(w)

(again, we assume that f(0) is defined, but for w € Ny, the value of Af(w) is independent
of f(0)). In Section 1.2, we have shown that the Poisson distribution Po()), that is,

Aee=A
Po(A)(k) = —
annihilates Af (that is, <A f, Po()\)> = 0), provided that f is bounded. However, it is

straightforward to check that this remains true if Af is bounded. Therefore,
(Ag, Po(\)) = 0 if A%g is bounded.

For each f: Ny — R, such that |Af(w)| < M for all w € N (but not necessarily w = 0),
there exists g: {—1,0,1,...} — R, such that f(w) = Ag(w—1) for all w € Ny. Therefore,
for each f satisfying the above-mentioned condition, we have

E[Af(W)] = pidf(W)X;

184

(and it is also straightforward to verify this identity directly). If f is a solution to the
Stein equation

Af(w) = h(w) — (h, Po(}\)), (2.1.1)
this gives a bound on the error in the Poisson approximation, as summarized in the
assertion below.
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Proposition 2.1.1. If f is a solution to (2.1.1) with |Af(w)] < M for all w € N (but
not necessarily w = 0), then we have

[E[h(W)] = (h, Po(A\))| < MY p?. (2.1.2)
€S

2.2 Solution to the Stein equation

In the previous section, we have proved that we can efficiently estimate the error in the
Poisson approximation of the sum of independent Bernoulli indicators with small success
probabilities provided that we can bound A f for some solution f to the Stein equation
(2.1.1). This is what we shall do in this section. However, the bounds obtained here will
not only be useful for sums of independent indicators, but also for indicators with certain
dependence structure, which will be described in the sequel.

We shall here bound Af for the case where h is an indicator of a set A C Ny. This will
allow us to bound the difference P(WW € A) — Po(\)(A).

First, we shall find a solution f; for the indicator of the singleton {j}, i. e., the solution
to the equation

AMilw+1) —w fj(w) =1Lw=j)— —e". (2.2.1)
Seeking f; to be in the form

filw) = “"A_wl)! Y;(w)  for all w € N,

equation (2.2.1) reduces to
Yi(w+1) —Y;(w) = — <1(w =j)— — e’\> for all w € Ny, (2.2.2)

setting ¢;(0) := 0. For w =1,2,...,j, we obtain

550) = (k4 1)~ s (8) =~ e T 2:23)
k=0 ’ k=0

Next, if we wish Af; to be bounded, we must have lim,,_,, 1j(w) = 0. But then we have

o0 /\j ~ (o) >\k:
== (W(k+1) )):ﬁeAZH (2.2.4)
k=w k=w
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for all w = 74+ 1,75 + 2,... The function 9; is now completely determined and satisfies
equation (2.2.2) for all w ¢ j. For w = j, we obtain

. D N £ LI V.
B+ -0 =5 (X 2 3)
k=0 k=j+1

and (2.2.2) holds true in this case, too.
Now we examine A f;(w). We distinguish three cases.

Case 1: w=1,2,...,7 — 1. Write
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Case 2: w=7+ 1,54+ 2,... Write

N ! N
f(w+1) w1 ZF’

jl =
N (w1 N
fj(w) B ﬁe A k:wH
BNTETICSE
J! A I=w+1 (1=1)!
LN oDl Y
j! Awtl e I’
N (w1 K (w =D N
Afilw) = —r e s l:wz;l l
<0.
Case 3: w = j. Write
, Y ' Ukt U
fj(])——ﬁ ;k_ _j Z(l—l)!’
N i &S A e
fi (J+1) = ]! € N+l L m - DY Z no
k=j+1 I=j+1
e 1< 2\ 0\ e =N 1—e?
fi(d) )\<]~Z(1_1)!+Zl!)— A l! A
=1 I=j+1 =1

Therefore, Af;(w) < == > for all w € N.

For convenience, set fj( ) := 0 for all j € Ny. Now take A C Ny and define fu(w) :=
> jea fi(w). We will show that the series converges pointwise and that f4 solves the Stein
equation

Afa(w+1) —w fa(w) = 1L(w € A) — Po(N)(A). (2.2.5)
Clearly, 1(w € A) —Po(\)(A) = ZjeA(l(w = j) —Po(A\)({j})). As to the left hand side,
first deduce from (2.2.3) and (2.2.4) that |¢;(w)| < ;‘%e*)‘ o 2—’: = % for all w € Ny.
Therefore,

= (W= SN (w=1)
D_Ifiw)] < 2= Zﬁ — e <o,
7=0 7=0

As a result, the series >, fj(w) converges pointwise and, moreover, Afa(w + 1) —
w fa(w) =3 ica (Mfj(w+1) — w fj(w)). Combining all together, the proof of (2.2.5) is
complete.

We have now shown that Af(w) < 1’f\ﬂ for all w € N. However, fy,(w) = fa+ fac
solves Afy,(w + 1) — w fy,(w) = 0, which implies fy,(w) = 0 for all w € N. Therefore,
Afs(w) = =Afsc(w) > % We have now proved the following assertion:
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Proposition 2.2.1. For each A C Ny, there exists a solution fa to the equation (2.2.5).
This solution is uniquely determined on N and can be arbitrary at 0. Finally, for all
w € N, we have

1—e?

|Afa(w)] < ;)

Combining with Proposition 2.1.1, we obtain the following neat result:

Proposition 2.2.2. For independent random variables X; ~ Be(p;), i € &, with A =
Yoiey <00 and W =73%"._, X;, we have

1 — -
[B(W € 4) — PoA)(A)] < —— 317 (2.2.6)
A -
i€d
for all A C Np.

Remark 2.2.3. We have 1’/\
mate (2.2.6) is essentially due to Le Cam [23], who proved the estimates

= fol e Mdt < 1 and of course 1’§_A < % Esti-

IP(W € A) — Po(M\)(4)| < Z p; and |P(W € A)—Po(M)(4)| <

> o0

>
€S

(the latter provided that max; p; < 1/4), using an entirely different argument. However,
as we shall see in the sequel, Stein’s method can go far beyond independence. This is in
contrast to the convolution argument used by Le Cam.

2.3 Abstract results

2.3.1 Coupling

Coupling of two probability distributions means constructing a joint probability distri-
bution with marginals being the two given distributions. In other words, suppose that
we have two random variables X and Y, which may be defined on different probability
spaces. Coupling means constructing random variables X’ and Y’ defined on the same
probability space, such that X’ follows the same distribution as X and Y’ follows the
same distribution as Y.

In applications of Stein’s method, coupling is extremely useful. In particular, if W is
the random variable whose distribution is to be approximated and X is another random
variable related to W, it is often useful to couple the (unconditional) distribution of W
with conditional distributions of W given X = z. Without loss of generality, one can
assume that there are random variables W, defined on the same probability space as W,
such that for each x, the distribution of W, agrees with the conditional distribution of W
given X = x.

Example 2.3.1. In Section 1.2, we mentioned that a Stein operator can be constructed
by perturbing the original random variable W to a random variable W’ with the same
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distribution. Now let W, X and W, be as above and defined on the same probability space
(Q,.7,P). Suppose that the map (w,w’) — W, (w’) is measurable with respect to .# @ .%.
If there is another random variable X’ which follows the same distribution of X and is
independent of all other random variables, then the random variable W’ (w) := Wx ) (w)
follows the same distribution as W.

Now let X; ~ Be(p;), ¢ € -#, be again a Bernoulli random variables with A =", , X; <
oo and W = ., X;, but now we drop the assumption that they are independent.
Instead, suppose that for each ¢ € &, there exists a random variable W;, such that
the (unconditional) distribution of W; 4 1 agrees with the conditional distribution of W
given X; = 1, or, equivalently, the (unconditional) distribution of W, agrees with the
conditional distribution of jes(iy Xj given X; = 1. Notice that if the random variables

X, are independent, we can simply take W; = W, = W — X,;. Now observe that

EA(W +1) — fNW] = S E[pf (W +1) — f(W)X]
=4

= D nE[fW + 1) — f(Ti+ 1)

If |Af(w)| < M for all w € N, then

[E[Af(W +1) = fONW]| <MY pE[W — Wi

ics
Combining with Proposition 2.2.1, we find that
1—e? ~
P A)—Po(N)(A)]| < i B - W;
PV € )~ Po()] £ 5 — S nEIW - 1|

for all A C Ny. This can be expressed in terms of the total variation distance between
two probability measures on Ny (see Example A.1.2):

dav(p.v) i= sup |u(A) - ().

ACNy
Denoting by .Z (W) the distribution of W, that is, £ (W)(A) := P(W € A), this leads to
the following result:

Theorem 2.3.2. For X;, W and W, being as above, we have

drv (Z(W), PO()‘)) < Lo

<— D nEW-Wi. (2.3.1)

€S
O

Remark 2.3.3. We have only needed to consider conditional distributions of W given
X; =1, not given X; = 0.

Remark 2.3.4. For independent indicators, the preceding theorem reduces to Proposi-
tion 2.2.2.
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2.3.2 Local dependence and decompositions

Coupling is not the only approach to dependence where Stein’s method can be applied.
An important alternative concept is local dependence. In the context of Stein’s method,
the latter was introduced by Chen [9] and refined by Arratia, Goldstein and Gordon [1].

Again, take a sum W =3, _ , X; of Bernoulli random variables X; ~ Be(p;) and assume
that for each i € .Z, there exists a so called dependence neighbourhood A;, such that X;
is independent of the subfamily X, j € %\ ({z} U Ji{) Under this assumption, .4 can
actually be a punctured neighbourhood of .

More generally, suppose that for each i, there is a decomposition
where Z; is independent of X;. In this case, write

EM(W+1) = fOVW] = E[pf(X; +Yi+ Zi+1) = f(Yi+ Zi+1)X] .
ic.s
Since X; is independent of Z;, we have
Elpif(Zi+1)— f(Zi+1)X;] =0

and therefore

EN(W +1) = fW)W] =Y pE[f(Xi+Yi+ Zi+1) — f(Z; +1)]
i€d

Y E[(f(Vi+ Zi+1) - f(Z+ 1) X,].

ics
Now if |Af(w)| < M for all w € N, we can estimate
B+ 1) = fnW]| < M3 (mE X + Vi +E[X Y]] )
ices
Combining with Proposition 2.2.2, we obtain the following result:

Theorem 2.3.5. For W decomposed as in (2.3.2) and W; being as above, we have

1—e?

drv (Z(W), Po()) < —

S (nEIX+ Y +E[X,|Y]]). (2.3.3)

€S
[

Remark 2.3.6. For independent indicators, the preceding theorem again reduces to
Proposition 2.2.2.
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2.4 Applications

2.4.1 Pattern matching

Let &;, 1 € Ny, be a sequence of independent random variables taking values in a finite set
L. The elements of L will be called letters. Fix a pattern lyly ---1,_1. We are interested
in the number of occurences of the given pattern in a certain subsequence of the random
variables &;. More formally, for i € .# :={0,1,...,n — 1}, let

Xi = 1(& = l0,§i+1 = ll, e ,§l+r_1 = lr—l) .
Then W := Z:'L:_ol X; is the desired number of occurences.

This problem is an obvious case of local dependence, as we can take dependence neigh-
bourhoods

HNi={i—r+1li—r+2,...i—1li+1i+1,....i+r—1}NS

or, equivalently, take Y; = Xi—r-l—l + Xi—r+2 + -+ Xi—l + Xi+1 + XH—Q + -+ Xi+r—1a
letting X; =0 for j ¢ 7.

In the sequel, we shall only consider the case where L = {0, 1} and patterns of type 11---1
(so called r-runs). In addition, we assume that P(§; = 1) = p for all ¢. In this case, we
have E X; = p" for all i, so that A = EW = np". Clearly, we have E|X;+Y;| < (2r—1)p".
Noting that
v 1 pth it ke s
E[X’X”k] - { 0 ; otherwise

for k=0,1,...,r — 1, observe that ]E[Xi |YZ|} < 222;11 prh = %;p%). Summing up,
we find that
2pr+1

I—p

P EIX;+ Y|+ ELX; Y]] < (2r —3)p” +

and Theorem 2.3.5 yields

1— 67)‘ 2pr+1
drv (L (W), Po())) < n( (2r — 3)p* +
' A ( L=p ) (2.4.1)

2
< ((27“ —-3)p" + 1_p) min{1,np"} .
- P

However, it is also easy to construct explicit couplings: observe that a sequence of random
letters following the conditional distribution given X; = 1 can be obtained from a sequence

following the unconditional distribution simply by setting &, {i11, - .., &i4r—1 to 1. Denote
the new sequence by & 0,&:1,... We may write W; = Zjej\{i} Xij, where X;; = 1(§;; =
éi,j-{—l —_ e = éi,j—!—r—l = 1) (and gij = O~fOI' j ¢ {0, ]., e, — 1}) Clearly, Xij = Xj

for |[i — j| > r. Otherwise, observe that X;; differs from X only if all appropriate i — j
original letters equal 1. Therefore, we have E|X; — X;;| < pli=Jl for all j # i, so that

o b 2p

li—jl r ko 28

SA E p +p§2§p§1_p
Ji1<li—jl<r—1 k=1

E|W — W,
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and Theorem 2.3.2 yields

dry (ZL(W), Po())) <

which is better than (2.4.1).

2.4.2 Birthday problems

Suppose that there are n people and d days in the year. Each person has his/her birthday
on a specific day with probability 1/d, independently of other persons. Let W be the
number of unordered pairs (i. e., sets with exactly two elements) {4, j}, such that the i-th
and the j-th person have the same birthday.

First, we apply the concept of local dependence. Denoting by .# the set of all unordered
pairs on {1,2,...,n}, we have W = Z{i,j}eﬂ Xiijy, where Xy ;3 is the indicator of the
event that the ¢-th and the j-th person have the same birthday. Letting

observe that Xy; ;1 is independent of Zy; jy :== W — Xy, 5y — Y 5.

Remark 2.4.1. If ¢, j and £ are distinct, then Xy; ;; is independent of Xy; 1y as well as
of X{ ;. However, it is not jointly independent, i. e., it is not independent of the pair

( Xy Xk j))-

Noting that EX{H} = 1/d and E[X{U}X{Z k}] = E[X{zg}X{k;,j}} = 1/d2 for all distinct
1,7, k, we have \ =EW = ) and Theorem 2.3.5 yields

2d

dav (Z(W), Po(A)) < 1 —)\e‘ n(n — 122(2471 —7)

. [4n—T7 n(n—1)(4n—7)
< .
< mln{ T Y7

(2.4.2)

Alternatively, one can also construct explicit couplings. Fixing the i-th and the j-th
person, observe that a random pair of birthdays following the conditional distribution
given that they both have the same birthday can be obtained from a pair following
the unconditional distribution by picking one of them independently and uniformly at
random and assigning the other the birthday of the chosen one. Since the birthdays
are independent, we can leave the other persons unchanged. Accordingly, we construct
W{”} We may write W{”} = Z{k Be\{{igh} X{”} (k,1}, Where X{”} (k3 is the indicator
of the event that k and [ have the same birthday after the above-mentioned reassignment.
Clearly, X{m},{k’l} = Xy if {4,7} N {k, 1} = 0. Otherwise, we may assume without loss
of generality that k =4 (and [ # i, 7). In this case, X{i7j},{i7l} differs from Xy, ;y if, first, 4
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is to be assigned the birthday of j, and second, if among the pairs {i,[} and {j,(}, there
is exactly one of them such that both persons have the same birthday. Therefore,
d—1

2

E‘X{i,j} - X{i’j}v{i?l}‘ -

and
- 2n—2)(d—1) 1 2nd—3d—2n+4
E|W — Wy < = +-= 5 .

COmpared to (2.4.2), Theorem 2.3.2 yields a better bound

1—e*n(n—1)2nd —3d —2n +4)
dTV(;Z(M/% PO(A))fS b\ 2d3

. (2.4.3)

The exact probability P(W = 0) is easy to compute — we have
(d=1)(d—=2)---(d—n+1)

an—1
and for d = 365,n = 23, we have P(W = 0) = 0.4927028 (closest to 1/2 for d = 365).

Poisson approximation yields P(W = 0) &~ 0.4999982. From (2.4.3), we obtain an error
bound 0.0587, which is quite larger than the actual error.

Remark 2.4.2. This example has many possible extensions. Among others, the birthday
probabilities need not be equal and we may only consider pairs which form an edge in a
certain given graph (i. e., we consider coloured graphs). Both extensions can be handled
by Stein’s method, see Barbour, Holst and Janson [5].

2.4.3 Random permutations

Let IT be a uniformly distributed random permutation of {1,2,... ,n}. Take
C C{1,2,...,n}? and consider the statistic

W= Z 1((4,11(i) € C) .

The indicators 1((i,11(¢)) € C) do not exhibit any useful local dependence: any two of
them are dependent. However, it is easy to construct a proper coupling along with a
bound on the error in the Poisson approximation. One can rewrite W as

W= > Xy, (2.4.4)
(3,7)€C

where X;; := 1(II(¢) = j). Given II(i) = j, II is uniformly distributed over all permuta-
tions 7 with 7 (i) = j. Now define a new random permutation II;; := ;) ; o II, where 7,
is the transposition exchanging r and s (and identity if r = s):
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M) -

S - @ — %

We claim that ﬁij is uniformly distributed over all permutations 7 with 7(i) = 5. If 7 is
a fixed permutation and T = 7. ; o 7, then, clearly, 7 (i) = j. Now fix a permutation 7
with 7(i) = j and examine all permutations 7 with T = 7.y jom. As7m =T o7, 7
must be of the form m = 7;;, 07 for some [ € {1,2,...,n}. Conversely, if 7 = 7;, o7, then
7(1) =l and 7;; om = 107y 07 = 7. Therefore, for each 7 with 7(i) = j, there are
exactly n permutations 7, such that @ = 7.;); o m. Therefore, ﬂij is indeed uniformly
distributed over all permutations 7 with 7 (i) = j. Letting Xijkz = 1(1:[ij(k) = l) and
Wy= > Xgu—1,
(ke

the (unconditional) distribution W +1 agrees with the conditional distribution of W given
Xij =1.

Now observe that ﬂl‘j agrees with I except on ¢ andNH’l(j). More precisely, if I1(i) = 7,
then X, = Xy for all (k,l) € C. If I1(i) # j, then X, differs from Xj; in the following
four disjoint cases:

o If k=17and [ = j, then X;; =0 and Xijkl = 1.

o If k=i and [ = I1(4), then Xy = 1 and X, = 0.

If TI(k) = j and [ = j, then X}, = 1 and X;j5; = 0.

If [I(k) = j and [ = I1(7), then X}, = 0 and Xijkl =1

Therefore, if (i,j) € C, then
W —W; = Z (X — Xijw) +1

(k)eC
= Y 1@ =0+ > 1Tk =4)— > (1) =1, (k) = j) .
l;(3,)eC k;(k,j)eC (k)eC

Next, observe that the preceding identity remains true if I11(i) = j. Noting that the event
{II(i) =, TI(k) = j} is only possible if either k =i and [ = j or k # i and [ # j, observe
that

L;(i,l)eC k;(k,5)€C
1#] k#i
— Y (1) =1, (k) = j)
(k,heC
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Noting that P(Il(¢) = j) = P(Il(k) = j) = < and P(II(s) = [, II(k) = j) = ﬁ for
k #1i,l # j, we estimate
E\W—Wij{g \{z eoz¢j}|+ [{k; (k,j) € C.k #i}]
n—2 n —
:n(n—l) —— \{z (i,1) € C,1 # j}|
n-2
n—2 n— :
- n(n—1) * n(n — 1) Hl (0,1) € CH
n—2 , 1
e \{k,(k,J)eC}H—n(n_l) C|
For each (i,j) € C, we have P(X;; = 1) = . Summing up, we obtain
> P(Xy = DE[W — Wy
(1,5)eC
_n=2 O]+ ————— n-2 }{ € C,(i,l) e C}|
n?(n—1) n?(n — i, 0)5 (0.) !
+m |{(Z>k7l> € 07 (Z7J> € Ca <k7.7) S C}‘
1 2
Introducing
e iinecyl  _HiiGHeCH 0 gy
n n n
and applying Theorem 2.3.2, we obtain
1— -2 n—2)\
dry (L (W), Po(N)) < <n Z + qu - (n_)l)). (2.4.6)

Remark 2.4.3. If a constant factor in the error bound does not matter, the bound in
(2.4.6) can be simplified. First, by the inequality between the arithmetic and geometric
mean, we can estimate

ZPZZQJ_ZZZPZHJJ (Zpﬁrzcz]),

=1 j=1

leading to

l1—e 3n — N, (n—2)\
dry (L (W), Po(N)) < 3 (n_IZpl — j_lqj_—n(n_1)>.
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In addition, since p; < np?, we can estimate

(n —2)A A 1 " A 1 &,
et 2, 2 <z :
n(n—1) n+n(n—l);pz_ n+n—1zz:1:p’

combining all together, we obtain a simplified bound

l—e? (3¢~ 5 3x=, A
i=1 j=1

Below we give two examples.

Example 2.4.4. The case of independent indicators can be regarded as a limiting case of
random permutations. For the sake of simplicity, we assume that we have finitely many
independent indicators X1, X, ..., X, with success probabilities pq, po, ..., p, all divisible
by the same number s € N. For each m € N| define

C = J{i} x {1,2,... mpis} .
=1

For n := ms > r, let II™ be a uniformly distributed random permutation of {1,2,...,n}.
Define

n s

wm .— ZXi(m) _ ZXi(m)’
i=1 i=1
where Xi(m) = 1((4, 1™ (7)) € C). Observe that Xi(m) ~ Be(p;). It is plausible that in

the limit as m tends to the infinity, the random variables X 1(m), e X" are independent.

Next, observe that p; and A match the underlying quantities defined in (2.4.5). Letting
qj(-m) be the counterpart of ¢; in (2.4.5), observe that qj(-m) < r/n. Therefore, by (2.4.6),
we have

l—e?n—2¢ n—2r? A2 (n—2)A
(m) < 2 o _
dTV("%(W ) PO()\)) - A (n bt n—1mn - n—1 n(n-— 1))

and the right hand side tends to the bound in (2.2.6).

Example 2.4.5. Matching problem. Consider the setting of n = rd cards, d if which
have face value ¢, i = 1,2,...,r, and draw r of them uniformly at random. A match
occurs if a card with face ¢ appears in the i-th drawing. Denoting by W the number of
matchings, observe that this can be represented in form (2.4.4) if we take

Co=|J{i} x{d(i = 1)+ 1,d(i — 1) +2,....d(i — 1) +d} .
i=1
Next, we have

1 1
iy =— 1<), ==, A=1
p=ta<n, g=
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and the bound (2.4.6) reduces after some calculation to

dry (Z(W), Po(N) < (1 — ) (”_2 L, 1 ) .

n—l; n—1

A matching problem was investigated in 1708 in de Montmort’s book [14] on games of
chance for the game ‘Treize’, where we have an ordinary deck of n = 52 cards taking
r = 13 possible face values. The original problem was to find the probability that there
was no match. The approximating probability equals Po(1)({0}) = 1/e = 0.3679. The
exact probability can be computed by the inclusion—exclusion principle and equals 0.3569
(and was computed in 1711 by Nicolas Bernoulli, see page 324 of de Montmort [14]). The
difference equals 0.0109, while the error bound equals 0.06 (all up to rounding errors).

2.4.4 Occupancy problems

Let r balls be thrown independently into a family of bins indexed by .#, with probability
q; of hitting the i-th bin. Suppose first that .# is finite and define W to be the number
of empty bins. We can write W = Zie » X, where X; is the indicator of the event that
the i-th bin is empty. Clearly, X; ~ Be(p;), where

pi=(1—q)".

The event {X; = 1} is the same as the event that the balls have been only thrown into
bins in .# \ {i}. Conditioning on this event is the same as modifying the probability
¢; to q;/(1 —¢;) for j # i and ¢; to 0. This is the same as first throwing the balls as
initially and then relocating each ball that has landed in the ¢-th bin into the j-th bin,
j # 14, with probability ¢;/(1 — ¢;). Taking W to be the number of empty bins before
the rearrangement and W; the number of empty bins except for the i-th bin after the
rearrangement, we obtain the desired coupling.
X

We can write WZ = Zjej\{i} ij» Where Xij is the indicator of the event that the j-th bin
is empty after the rearrangement. Write

jes\{i}

If the j-th bin is empty after the rearrangement, it must have been empty before the
rearrangement, too. Therefore, X; > X;; and

EW-W;|=EX;+ > (EX;-EXy;)
jes\{i}

T Z}[u—qj)’"—(l—lﬁ—j%)r].

jeINi
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We can further estimate this quantity by rewriting

(1—gq)" — <1 — 1z—jqi)r =(1—¢q) - <1 — 4~ 1qiq;)’“ 7«
= (=) {1_ (1_ (1_;)@'((131'_%)) } '

Applying the inequality (1 — x)" > 1 — rx, which holds true for all x € [0, 1], estimate
. g\ , 44 P;i4i4;
1—gq, —(1— ) <r(l—gq, = .
o) T-q) ST A0 ) T T w )

Letting A = .. , p;, combining all together and applying Theorem 2.3.2, we obtain the
following result:

Proposition 2.4.6. The distribution of the number W of empty bins defined as above
satisfies

_ A D oa
ey (Z(0). Po() < 1= Z(ﬁw 3 (1_?9;]33;%_%)). (2.4.7)

€S jeSN{i}

O

Now suppose that all bins are hit with equal probabilities, that is, ¢; = %, where n denotes
the number of bins. In this case, (2.4.7) reduces to

dov (Z(W), Po()) < n - _;_A (1 B 1>2T (1 LT ) |

n n—1

where \ = n(l — %)T Letting a := r/n, observe that p; < e~* and consequently A < ne=®.

If a is not too large, the latter bound is of correct order. In this case, by Remark 2.2.3,

l_i_A is of order min{l, % e“}. As it turns out, this case is an upper bound.

Lemma 2.4.7. There exists a constant B, such that, letting X = n(l — %)an, we have

1*/5{) < min{l, Bnea} for allm > 2 and a > 0.

Corollary 2.4.8. Let W be as above. There exists a constant C, such that

dry (L (W), Po(N)) < c(u ta)e® min{l,ne’“}) .

for alln > 2 and r > 0, where a = r/n. In particular, the total variation error in the
Poisson approximation tends to zero uniformly in n as a — 0. [

PrROOF OoF LEMMA 2.4.7. Applying Taylor expansion, we find that

1 2
anlog <1 - —> =g —2 > 4= (2.4.8)

)T T
for some 6 € [0,1]. Therefore, for a < n/2, we have A > ne *"'. By Remark 2.2.3, it
follows that % < min{1, 1} < min{1, ea: }. On the other hand, for a > n/2, observe
tha‘t ea+1 Z ea+1 ea+1

~ 5 2 % > 1, so that % <1l= min{l, — } This proves the result with

B =-e. O
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Now consider the more general case considering the number of bins containing exactly
m balls; denote this number by W, Again, W™ = 3. X" where X™ is the
indicator of the event that the -th bin contains exactly m balls. Clearly, X m) _ Be (pgm)),

where
m) _ (T g1 — gy
D (m)qz( g)" ™.

We have already constructed a coupling of the (unconditional) distribution of W with
its conditional distribution given that the ¢-th bin is empty. Continuing from the balls
rearranged in the latter way, further pick m balls uniformly at random and relocate them
into the ¢-th bin. This makes a coupling with the conditional distribution given XZ-(m) =1.

Remark 2.4.9. Notice that the latter coupling is not entirely optimal. A more refined
coupling would go as follows: consider the number of balls in the i-th bin. If there are
exactly m balls, leave it as it is. If there are more, suitably relocate the excess balls into
other bins. If they are less, pick a suitable number of balls from other bins uniformly at
random and relocate them into the ¢-th bin. However, in this case, the right hand side of
(2.3.1) is more complicated to estimate and we do not benefit on the rate of convergence.
Therefore, we keep the afore-mentioned two-step coupling.

Let Xi(;") denote the indicator of the event that the j-th bin contains exactly m balls after

relocating all balls from the i-th bin. Next, let ):(l(]m ) denote the indicator of the same

ej/ent after relocatin~g m balls into the ¢-th bin. As usual, let Wi(m) = D jenii Xi(]m) and
W = e} X (]m). The (unconditional) distribution of 1 + W™ agrees with the

)

conditional distribution of W given X; = 1.
Now estimate

W — | < [ — | 4 [ — )|
<X+ 3 [ - RGO XG0 - X5

jes\{i}
=X+ 3 [ - xR+ (R - xR

jes\ i}
(R - XRG4 (R - XX

(notice that X ](m) > X j(m))? () and similarly for the other differences).

ij
Now compute the expectations of all random variables, i. e., the probabilities of all un-
derlying events.

e Recall that EX;m) = Epim) = (;) g1 —q)™.

o After the first rearrangement, each ball is in the j-th bin with probability ¢;/(1—g;),
where the balls are independent. Therefore,

() ()
m 1—gq 1—gq
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e In the second rearrangement, m balls are selected to be relocated to the i-th bin.
Given the choice of these m balls, each one of the rest is in the j-th bin with
probability ¢;/(1 — g;), where the balls are again independent. Therefore,

~ m r—2m
EXO = (") () (1- .
N m 1 =g l—q

e The product X J(m)f(l(]m ) is the indicator of the event that in the 7-th bin, there are
exactly m balls before and after the first rearrangement. There are (;) choices of
balls that first land in the j-th bin, and for each of them, this occurs with probability
¢;- Given the choice of these m balls, each one of the remaining r —m balls lands in
the j-th bin with probability g¢;/(1 — ¢;) after the first rearrangement, and the balls
are independent. Therefore,

m) (m r m q; o
[ X7] = (m)%‘ (1 - 1_]%.) '

e The product XZ.(;”)X}]W) is the indicator of the event that in the j-th bin, there
are exactly m balls before and after the second rearrangement. Recall that in the
second rearrangement, m balls are selected to be relocated to the i-th bin. We can
choose these balls first. None of these balls should be in the j-th bin after the first
rearrangement. Given the selection of these m balls, exactly m among the remaining
r —m balls should be in the j-th bin after the first (and the second) rearrangement.
Since the selection of the balls to be relocated in the second turn is independent of
the location of the balls after the first rearrangement, we find that

B = (") (o) (1o e )
“ “ m 1—gq 1—q

(;) q" [(1 —q)" " = (1 1 zjqi)rm}
(efiar-(e )
(

e e N e

4iq; "\ mi1 . \r—m
S ) (m)qj =)

Now estimate
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(X _ xmgmy _ (T (% ) 4 m
( 1] J Z]) m 1_% 1_%’ QJ
r qJ m qJ r—m .
= 1— 1—(1—g
(m) (1—%) 1—%) 1-0-a)"]
(1) () (o)
m l—g

4 m . 4 r—m
1—q 1—q '

~ ~ . ] m ) r—2m ) m
E(X - XXy = (T (% [ 1—(1--4—
’ 7o 1 —q 1 =g 1 =g
m r—2m
q; r—m q; q;
<m-— —_— l1—— .
_ml—qz'( m ><1—q@-) ( 1—%‘)

Collecting all together, we obtain (provided that m > 1)

[ j m2
E‘W(m) I/Vz( < pz + Z pz] {w +mg; +m & + _‘| )
JEAi} @ bmaor

(m) . _ r d; " 1 — r—2m
0= (D) (2 ) a-ar

Letting Ay, = > .o, pgm) and applying Theorem 2.3.2, we obtain the following result:

Proposition 2.4.10. For m > 1, the distribution of the number W™ of the bins with
exactly m balls satisfies

drv (L (W), Po(A,,))
< 5 z(@w

i j m2
b S e | UG g G ]
J 1—q 1—g
jes\{i}

where
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Now consider again the case where all bins are hit with equal probabilities, that is, ¢; = %,

where n denotes the number of bins. In this case, (2.4.9) reduces to
drv <$(W(m)), Po()\m)) < . {n (pgm))2

m2n(n — 1 m) (m
+ (r+2m(n— 1)+¥)pg )p§2)} ,

where

r—m r—2m
m _ (r\ L ({_1 m) _ (7 1 11 D)
b1 <m> o ( n v P2 m) (n— L)m 0 y Am =npy .

Suppose that n > 2 and r > m. Letting a := r/n, observe that

(m)<rm 1 _a< n )m<(2a)m6_a

4 — —e¢
bi ~— mlnm n—1 m)

and

3m

m rm o1 n 8a)™

p <L < B .
m! nm n—1 m)!

Thus, A is of order at most na™e™®. If this is the actual order, then, by Remark 2.2.3,

1= i of order min{l, %} Again, this order is an upper bound, as shown in the

)
following generalization of Lemma 2.4.7:

Lemma 2.4.11. For each m € Ny, there exists a constant B,,, such that, letting A =
an—m - . a
(‘m) 1 (1 - %) , we have == < mln{l, Bine } for alln > 2 and a > 0.

m/) nm—1 A nam
Corollary 2.4.12. Let W™ and \,, be as above. For each m € Ny, there exists a
constant C,,, such that

drv <.$(W(m)), Po()\m)> < C’m((amJrl + am_l) e ® min{l,name_“}> )

for alln > 2 and r > 0, where a = r/n. In particular, the total variation error in the
Poisson approximation tends to zero uniformly in n as a — oo. For m > 2, this is also
true as a — 0. 0

Remark 2.4.13. For m = 1, the error does not tend to zero uniformly in n as a — 0.
As a counterexample, consider the case where r > 1 is constant, while n tends to the
infinity. In this case, the number of bins with exactly one ball tends to the constant r.
Since for r > 1, the total variation distance between the Dirac measure at r and any
Poisson distribution is uniformly bounded away from zero, the total variation error in the
Poisson approximation cannot tend to zero.

PROOF OF LEMMA 2.4.11. In view of Lemma 2.4.7, it suffices to prove the assertion for
m > 1. First, assume that a < n/2. Recalling (2.4.8), we find that

" 1 2 —1\ 1
)\an—<1——) (1__)<1_m )_e—a—2a/n
m! r r r nm
" 1 2 —1\ 1
an_<1——)(1__>...(1_m )_e—a—l
m! m m m ) nm

a m
>n (—) e oL,
m
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Recalling Remark 2.2.3, this implies % < min{l, ean“ (%) } On the other hand,
for a > n/2, observe that ea; (m)m > ”;Zjﬂl > 2?;16{;7:; > f 111) 5 > 1, so that
= min{l, ean+1 (%)m} This proves the result with B,, = em™ O



Chapter 3

Normal approximation

3.1 Decomposable random variables

In Section 1.2, we derived that for a standard normal random variable W, the Stein
expectation

E[f/(W) — f(W) W] (3.11)

vanishes for all continuously differentiable functions f: R — R of polynomial growth.
Here, we shall first show that the Stein expectation can be small for random variables
W featuring a certain dependence structure. In the next section, we shall show that this
implies proximity to the standard normal distribution in a certain metric.

In Subsection 2.3.2, we have shown that Poisson approximation by Stein’s method works
well for locally dependent random variables and, more generally, random variables which
can be decomposed as in (2.3.2). Here, we adjust this approach to the case of normal
approximation. This adjustment is due to Barbour, Karoniski and Ruciriski [6].

Consider a random variable W with EW = 0 and var(W) = 1 (this, of course, means
that E(TW?) < 00). Suppose that

W=>" X, (3.1.2)
ics
where .# is a countable set and where we assume that ) ., E|X;| < oo,
S s E(IXi|[W]) < o0 and EX; = 0 for all i € .# (notice that the first condition
guarantees the almost sure existence of the random sum ), , X;). Then the variance
can be expressed as
1 =var(W) =E(W?) = > E(X;W).
ies

For a continuously differentiable function f with bounded derivative, this leads to the
following expression of the Stein expectation:

E[f(W) = FV)W] = SB[ /(W) E(XW) - F(W)X,

icS

32
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(notice that f is of at most linear growth, that is, there exist Cy and C}, such that
|f(w)] < Cy + Cy|w]| for all w € R). Now suppose that for each i € £, W can be
decomposed as

W=W,+R;, (3.1.3)

where W; is independent of X; and where E(|X;||R;|) < co. Then we have E(X;W) =
E(X;R;). Next, by the fundamental theorem of calculus, we have

f(W) :f(Wi)Jr/W 1) dt:f(Wi)—F/O f' (W, +tR;)R; dt .

Assuming in addition that >,_ , E(]X;||R;|) < oo and combining all together, we express
the Stein expectation as

ELFOV) = F0V)W] = SB[ /00 ECGR) — J0RX — [ 700+ )Xot
ics 0

By independence and since E X; = 0, the second term vanishes. Taking a random variable
61, which is uniformly distributed over [0, 1] and independent of all other random variables,
we can rewrite the Stein expectation as

E[f/(W) = f(W)W] = 3B/ (W)E(X;R:) — ['(W; + 0, R:) Xi R
ies
Now suppose in addition that the random variables R; can be expressed as sums
Ri == Z X’L’j y
Jj€S;

where we assume that >, , > c , E(]X;||Xij|) < co. Then we can further rewrite the
Stein expectation as ‘

E[f(W) = FV)W] = 30 S E|f(W)E(X:Xy) = /(Wi + 01 R) XiXy5
=84 ]G/z
Next, suppose that for each ¢ € .# and j € _#;, W, can be further decomposed as

where W;; is independent of the pair (X;, X;;). Assuming in addition that f is twice
continuously differentiable with bounded second derivative and

> ) E(X]1Xyl) E|R; + Ryl < o0,
€S je Z;

Z Z E(I1Xi] [Xi;] 161R; + Ryj|) < o0,

€S jE_Z;
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we can further expand the Stein expectation as
ELf'(W) = f(W)W]

= 3" ST E[f(Wy) B(XXy) + 1" (Wis + 0aRy + 62R)(Ri + Ry E(X.X)
€S je_J;

— F(Wi)XiXi; — f"(Wy + 02Ri; + 0,102, X, X1 (01 R; + Rij)] ,

where 6 is another random variable which is uniformly distributed over [0, 1] and is
independent of all other random variables. Because of independence, the first and the
third term cancel, so that the Stein expectation can be expressed as

E[f/(W) — = 3" ST E[S1(Wis + 6aRij + aRi)(Ri + Rig) B(XXy)
€S jE_J; (315)

— (Wi, + 0sRij + 0105 R;) X: X5 (61 Ry + R,.j)] .

However, the assumptions implying the preceding identity can be relaxed to a certain
extent. First, the assumption that f is twice continuously differentiable with bounded
second derivative can be replaced by the assumption that f is differentiable and f’ is
Lipschitz (see Proposition B.1.9). This is because the fundamental theorem of calculus
remains true for Lipschitz test functions (and more generally for the absolutely continuous
functions): see Section B.1. This allows us to bound the Stein expectation in terms of

My(f) :=esssup | f”| = sup /(@) = ['(y)]
z#y |z =yl

Y

where f’ is the classical derivative of f and f” is an almost-everywhere derivative of f’.

In addition to the relaxed assumption on differentiability of f, one can also drop certain
other assumptions. The following assertion makes it precise.

Proposition 3.1.1. Let W be decomposed as follows:
w=> X,
ies
W =W, + R; , where W; is independent of X;,
JE€I
W; = Wi + Ri; , where W, is independent of (X;, Xi;) .

Nezxt, suppose that E X; =0 for alli € % and var(W) =1, and that

Y EIXi|<oo, D Y E(X|Xyl) <o, YD E(IX] Xy [Ri]) < oo,

ies €S je g €S jE_7;
SO E(XNXyl R+ Riyl) <00, >0 E(IX|[Xy]) E|R; + Ryl < oo
€S jE J5 €S jE Ji

(3.1.6)
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Finally, take a function f: R — R with My(f) < oo, where Ms(f) is defined as in (B.1.3).
Then (3.1.5) remains true and we can estimate

‘E[f/(W)—f(W)WH <MD IE[|Xz'| \Xz'j|<]E|Ri+Rz‘j|+%\Rz‘j|+%|Rz‘+Rw|)] :
i€ jE Z;
(3.1.7)

Before proving the preceding assertion, we formulate a couple of remarks. First, we
no longer assume that f’ is bounded. In particular, this allows us to apply Proposi-
tion 3.1.1 with the function f(w) = w|w|: this function is differentiable with derivative
f'(w) = 2|w|, which is Lipschitz, but not bounded. This implies that W has finite third
absolute moment. More precisely, with f as above, the following result is immediate from
Proposition 3.1.1:

Corollary 3.1.2. If W s as in Proposition 3.1.1, then

E(W) < 2B (W[ +2>" 7 E|IXil Xyl (1R + Rigl + 31 Rigl + 31R: + Ryl )|
€S je g

]

Remark 3.1.3. If W is standard normal, then E|W| = 2/v2r and E(|W[*) = 4/v/27,
so that E(|W|*) = 2E |[W]|.

Now we turn to the proof of Proposition 3.1.1. As the first step, we formulate and prove
the the following auxiliary result:

Lemma 3.1.4. Let f: R — R be absolutely continuous and let h: [0,00) — [0,00)
be non-decreasing. Suppose that |f'| < h. Finally, let a random variable W be as in
Proposition 3.1.1, and let 6, be uniformly distributed over [0,1] and independent of all
other random variables. If

S ST E[R(W; + 01Ri)IX|1X]] < oo, (3.1.8)

€S jE_J;

then E| f(W)W| < oo and

=> D E[f (W + 601R)X:X,5] . (3.1.9)

€S jE_J;

PRrOOF. Equation (3.1.9) is derived at the beginning of this section, but under stronger
conditions. A closer look reveals that the calculations are still valid if W is as in Proposi-
tion 3.1.1 and f is Lipschitz (recall that in this case, f has an almost-everywhere derivative
and satisfies the fundamental theorem of calculus — see Section B.1).

Now take any absolutely continuous function f with |f’| < h. For each n € N, define
function ¢,: [0,00) — [0,1] as ¥,(t) := 1 for t < n, Y,(t) =2 —t/nforn <t < 2n
and ¥, (t) := 0 for t > 2n. Observe that 1, is well defined and that for each fixed n, the
expression ¢, (t) is bounded in ¢. Clearly, ¢ is absolutely continuous with ¢/,(¢) = 0 for
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t<mn, Y (t)=—1/nforn <t < 2nand ¢, (t) =0 for t > 2n. Observe that ¢ can be
extended to [0,00) so that the expression ¢ [¢/ (t)] is uniformly bounded in ¢ and n.

Now let f,(w) := f(¢n(Jw])w). Applying the chain rule (for details on the validity in the
context of absolutely continuous functions, see Corollary 6.5.4 of [20]), we find that f, is
absolutely continuous with

fa(w) = ' (@allw) w) (¢r(whlw] + ¢n|w])) -

Since t [¢/;,(t)| is uniformly bounded in ¢ and n and since h is non-decreasing, there exists
a constant C', such that |f/ (w)| < C h(Jw|) for all n and w.

For each fixed n, the expression 1, (|w|) w is bounded in w € R. Since f’ is bounded on
bounded sets, |f,(w)| is also bounded in w € R. Therefore, (3.1.9) applies with f, in
place of f.

Now observe that the functions f, converge pointwise to f and that their derivatives f
converge pointwise to f’ as well. Recalling (3.1.8) and applying the dominated convergence
theorem, we obtain

JLH;OE[fn< nh_)HOlOZj Z (Wi + 91R-)Xin'j}
IS (3.1.10)
= Z Z W, +6,R )XzXzJ} )
€S jE I
Now consider the function f: R — R defined by f(w fo (|t|) dt. Observe that f is

absolutely continuous with fl(w) = h(|w|) and that f( Jw > 0 for all w € R. Letting
fa(w) == f(¥n(|w])w), we also have f,(w)w > 0 for all w € R. In addition, (3.1.10)

applies with fn and f in place of f,, and f. Combining with Fatou’s lemma, we find that
E[f(W)W] < lim E[fn(W)W]

= Z > E[f(Wi+ 61R) X, X;]
SIS (3.1.11)

<3 DT ER(Wi+ 00 Ri) X | Xy ]

€S jE_J;

< 0.

Now estimate

Y (|w]) |w] [w]
Falw)] = | £ (o) w)] < [£(0) / h(t) dt < |£(0)] + / h(t) dt

[ fr(w)w| < [fO)]|w] + |w] /Ow h(t)dt < |F(0)] Jw] + f(w)w

Recalling (3.1.11), it follows that the sequence of random variables f,, (W)W is dominated
by a non-negative random variable with finite expectation. Applying the dominated
convergence theorem and combining with (3.1.10), finiteness of E|f(W)W| along with
(3.1.9) follows. O
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PrROOF OF PROPOSITION 3.1.1. We shall go from (3.1.5) backwards. Define

pi= D B[ (Wi + 02Ri; + 03R) (R + Riy) E(X,Xy5)
e e g (3.1.12)
— f//<Wij + ‘9192Ri -+ 92Rl])XZXZ_] (Gle + R,Lj> .
Noting also that
1R+ Ry = (1 —01)Ri; + 61(R; + Rij), (3.1.13)
and applying (3.1.6), we find that the right hand side of (3.1.12) exists, along with the
bound
<MY Y ]E[\Xﬂ |Xz‘j|(E |[Ri + Rijl + 5| Ryl + 3| R + Rij|>] :
€S jE I
It remains to show that E|f'(W) — f(W)W| < co and p = E[f/(W) — f(W)W]. Observe
first that
E(Xl 1X3l W) = E(1XG] 1X5]) E Wy | =
< E(1XG] |X35]) EIW[ +E(1X:| [Xi5)] E|R: + Ryl -
Applying (3.1.6), we find that
SO E(XGHXG W) =) 0> E(IX] X)) BIW;] < oo
€S jE_J; €S jE_J;

Noting also that

|f'(w)| < f(0)] + Mlw], (3.1.14)

we find that

> D E(F W)Xl 1X51) < o0

i€ jE Z;
and

> D B[l W)l B(XiX)| < oo

i€5 jE Z;
Moreover,

p=> > E [f’(w,-j) E(X;X,;) + f"(Wij + 03Ri; + 02R;) (R; + Rij) B(X,; Xy5)

— (W) XiXi; — " (Wi + 62R;; + 0102R;) X; X5 (01 R; + Ryj)

(and all expectations exist and the sum converges). Next, since the fundamental theorem
of calculus holds for f" and f”, we have

> > E[F M) EXX,)|]

€S je g

<3y ( Wil |E(X:Xi)|] + ME(IX;]|X35]) E|Ri + Ryl]) < oo

€S jE I
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Similarly, recalling (3.1.13), we have

STSTE[IF Wi+ 00R)| X0 1X51]

€S jE_J;
<33 (BIS OV IX3l X 1] + SME[XG Xl (1R + 1R + Ryl)] ) < o0

€S jE Z;

In particular, the choice f(w) = %wQ gives

€S je g;

Moreover,
p=> > E[f/(W)]E(Xz‘XU) — (Wi + 91Ri)Xinj} :
€S jE J;
Recalling (3.1.14) and applying Lemma 3.1.4 with h(t) = f(0) + M¢t, making use of
(3.1.15), we obtain that E|f(W)W| < co and E[f(W)W] = 3., >, E[f'(Wi +
01R;)X;X,;|. Finally, applying Lemma 3.1.4 with f(w) = w, we find that E(W?) =
Dics 2uje s B(XiXy;). Together with (3.1.14), this completes the proof. O

3.2 Solution to the Stein equation

As indicated in Section 1.2, the proximity to the standard normal distribution can be
assessed as follows: for a test function h, find a function f solving the Stein equation

f(w) = f(w)w = h(w) — Nh (3.2.1)
where . -
= = — z)e /2 dx |
Nh:=(h, N(0,1)) = \/ﬂ/mh( ) d

Taking a random variable W, we then have
E[f(W)— f(W)W] =E[h(W)] = Nh. (3.2.2)

Estimating the left hand side for sufficiently many test functions h, we are able to bound
the error in the normal approximation with respect to a suitable metric. In particular, if
W is as in Proposition 3.1.1 and if there exists a class ¢ of test functions, such that for
cach h € J€, there exists f which solves (3.2.1) and satisfies M>(f) < 1, then we have a
bound

Ao (L W), N(©0,1) <37 S B[IX Xy (B IR + Ryl + 2Ryl + 1R + Ryl) ]
i€s je g

where d is defined as in (A.1.1).
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Equation (3.2.1) is an ordinary differential equation of the first order. Such differential
equations can be solved in two steps: first, we solve the homogeneous part, then we
perform the variation of constant. A simple calculation shows that the solution to the
homogeneous part

fi(w) = fu(w)w =0 (3.2.3)

is fu(w) = C'e**/2. The solution to the original equation (3.2.1) can be seeked as f(w) =
k(w) e”/2, where k is now a function. Another simple calculation shows that k& must be
the indefinite integral

k(w) = /(h(x) — Nh) e dx.

However, unless lim,,_,1+, k(w) = 0, f grows very rapidly, so that there is no hope for f’ to
be Lipschitz. Since [*_(h(z) = Nh) dz = 0, lim,_,_o k(w) = 0 implies lim,_ k(w) = 0
and the ‘tame’ solution to (3.2.1) can be expressed as

flw) ="/ /_’w (h(z) — Nh) e 2 dy = eV /? /00 (Nh = h(z)) e dx.  (3.2.4)

We summarize the preceding calculations into the following statement:

Proposition 3.2.1. For any measurable function h: R — R with N'|h| < oo, the function
f defined by (3.2.4) is an almost-everywhere solution to the Stein equation (3.2.1), i. e.,
f is absolutely continuous and the function w — f(w)w + h(w) — Nh is an almost-
everywhere derwative of f. If h is continuous, f is a classical solution, 1. e., continuously
differentiable and (3.2.1) holds for all w € R.

Denoting the standard normal density by

we can also write

1 w 1 e
) = s [ (o) = N8 ooy = o [T (= b)) o) o

Of course, we can also take affine combinations of the two forms, that is, for each a € R,
we have

) = s (0= [0 = W) ) - [T W= 1) o)
— ﬁ <(1 — a) /: h(z) ¢(x) da — a/woo h(z) 6(x) dx) (3.2.5)

+ [a(1 = ®(w)) — (1 — a)®(w)|Nh,

where

bw)i= [ oo
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is the standard normal cumulative distribution function. Choosing a = ®(w), the second
term in the final expression of (3.2.5) vanishes and we obtain the following form:

_1—@_(10) ’ ) o(x x—M h x)¢(z)dx
) = s [ n@y oty ar = T [ hie) ofa) de.

Noting that 1 — ®(w) = ®(—w) and introducing the Mills ratio:

_ ®w)
v = )
we can rewrite the solution as
) = (=) [ hw)ole)do — vw) [ hie) ola) do.

In view of Proposition 3.1.1, it is beneficial to study the behaviour of the second derivative,
including the general case where f’ is absolutely continuous. Differentiating the preceding
formula, we obtain

) = —v'(-w) [ " h(e) 6(e) do + ¥(—w) h(w) o(w)

v | " h(@) éle) de + d(w) h(w) $w) (3.2.6)
:h<w>—w'<—w>/_w W) () dw — /mh ”

where the last equality follows from the identity ®(w) + ®(—w) = 1 (this is also Propo-
sition C.2.3 for the case r = 0).

Remark 3.2.2. Similarly as in Proposition 3.2.1, Formula 3.2.6 can be interpreted in two
ways: if h is continuous, f’ defined as in (3.2.6) is the classical derivative of f, whereas
in the general case, f is absolutely continuous and f’ is an almost-everywhere derivative

of f.

Now assume that h is absolutely continuous (it must be if so is f’) and that it is of
polynomial growth. In this case, we can apply the integration by parts formula (see
Theorem 6.4.6 of Heil [20]), where we differentiate h and integrate ¢. However, in the
first integral of (3.2.6), we integrate ¢(x) to ®(x), while in the second one, we integrate
¢(z) to —®(—x). Noting that the polynomial growth of h along with Corollary C.2.2
implies limy, oo A(w) (w) = 0 and limy o h(w) P(—w) = 0, we obtain

w

F'(w) = h(w) — ¢/ (—w) h(w) (uw) + ¥/ (—w) / I () B(x) de

—00
o0

— W/ (w) h(w) B(—w) — o (w) / W (z) (—z) da (3.2.7)

w
o0

—v(w) [ W) o) dr— v/ (w) [ (@) o(-a)d,

—00 w
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where the last inequality is due to Proposition C.2.3 for r = 1. Differentiating (3.2.7), we
find that

f'(w) = =" (—w) /_w W(z) ®(x)dz + ¢'(—w) A (w) ®(w) dw
— " (w) /00 b (z) ®(—z) dz + ' (w) b (w) ®(—w) (3.2.8)

w

— () - v () [

—0o0

W () ®(x) dz — ¢ (w) / W) B(—) da,

where the last inequality again follows from Proposition C.2.3 for r = 1. Again, if A’ is
continuous, f” is the classical derivative of f’, whereas in the general case, f’ is absolutely
continuous and f” is an almost-everywhere derivative of f’.

The preceding formula allows us to bound Ms(f) in terms of M;(f). For random variables
decomposed according to Barbour, Karonski and Rucinski, this allows us to bound the
error in the normal approximation in the Wasserstein metric.

Theorem 3.2.3. For any function h: R — R with M;(h) < oo, the function f defined by
(3.2.4) is a classical solution to the Stein equation (3.2.1), which satisfies Ma(f) < My (h).

Corollary 3.2.4. For a random variable W decomposed as in Proposition 3.1.1, we have

dw (LW, N0, 1) <3 Y E[\Xﬂ |Xij|(2E|Rl-+RZ-j|+|Rij|+|Ri+Rij|)] . (3.2.9)
€S jE J;

PROOF OF THEOREM 3.2.3. Since M;(h) < oo, h is absolutely continuous and of lin-
ear growth. Consequently, N'|h| < oo and Proposition 3.2.1 applies. Moreover, since
h is absolutely continuous and of linear growth, the derivation of (3.2.8) is valid. By
Proposition C.1.5 and Proposition C.2.3 for r = 2, we can estimate

w o0

)] <30 |14 00 [ o) ot v) |

—0o0 w

O(—x) dx} =2M(f).

Taking the supremum over w, the proof is complete. O

Example 3.2.5. Let &, &, ... be independent and identically distributed random vari-
ables with E&; = 0, var(&;) = 1 and E|&]? < co. Then the rescaled sum

St St + 6,
a vn

satisfies EW ™ = 0 and Var(W(")) = 1, and can be trivially decomposed by setting
g = {1,2,...,n}, Xi(n) = &/v/n, RZ(") = Xi(n), ji(n) = {0}, Xi(g) = Xi(n) and
R§g‘) := 0. Corollary 3.2.4 yields

w .

dw (L (W™), N(0,1)) < Z(zE(Xf”)fE\Xi‘”)\ 4 E\Xi(")\g) _

=1
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1/3 2/3
By Jensen’s inequality, we have ]E}Xi(n)‘ < <]E‘XZ.(”) ‘3) and IE(Xi("))2 < (E’Xi(")F) ,
leading to
3 3E[&)
vnoo
This is the typical rate of convergence in the central limit theorem and can in general not

be improved. As an example, take P(§; = 1) = P(&; = —1) = 1/2. For even n, W™ takes
values in the set {2k/\/n ; k € Z}. Now define functions f,: R = R by f,(w) := ‘w—j—’%

for 272 < w < 2V where k € Z. Then we have E[f, (W )] = 0. Observe that
fo= [ fila
25/_00 _fn()¢()d:v+fn(flf+ Jo(o+ )]
[ e (- o o )
:%/Z :f( )+fn<x+—n>}¢(:r da
(o))
e an (o) [ ) e
Noting that 0 < f,(x) < 1/4/z for all x and that the function ¢’ is bounded, we find

that lim, oo N f, v/n = 1/2. Therefore, for each £ > 0, there exists ny € N, such that

dw (ZL(W,), N(0,1)) > 21\/5 This proves that the rate of 1/4/n cannot be improved.

Remark 3.2.6. The bound in Theorem 3.2.3 is sharp: consider functions

dw (Z(W™M), N(0,1)) <3 E[x"|
i=1

T

sl- 5l
S- 3l

~—

w+2 s w< -2

. 1 1

hy(w) = —w e Sw< o
w— 2 w> 1
n ) —n

Clearly, M;(h,) = 1. Next, observe that the underlying functions f/ are continuous at
the origin and we have

0

F1(0) = —1— 4"(0) /

—0o0

hi (z) ®(z) dz — " (0) /000 h (z) ®(—xz)dz.

Therefore,

0

My(fn) > ‘1 +1/J"(0)/

—00

h! (z) ®(z) dx + " (0) /000 hl (z) ®(—x)dz| .

The functions A, are uniformly bounded and converge pointwise to the constant 1 (except
at 0, where they converge to —1). By the dominated convergence theorem, the right hand
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side converges to

=2

’Hw"m) /0 ®(z) dz + 1" (0) /Ooo¢>(—x) do

—0o0

by Proposition C.2.3 for » = 2. Therefore, for each ¢ > 0, there exists n such that
MQ(fn) >2—c.

3.3 Applications

3.3.1 Local dependence and U-statistics

In Subsection 2.3.2, we already considered locally dependent random variables. The
concept of local dependence was expressed in terms of dependence neighbourhoods. Here,
we shall take a stronger concept expressed in terms of the dependence graph.

For two vertices ¢ and j of an undirected graph I', we shall denote 7 ~ j if they are equal
or adjacent, and i o j otherwise. For a vertex 7 and a set of vertices _#, we shall denote
i ~ ¢ if either ¢ € or there is an edge with one endpoint equal to ¢ and the other in _#,
and ¢ o¢ _# otherwise. Finally, for sets of vertices .# and ¢, we shall denote .¥ ~ ¢ if
either & N _¢# # () or there is an edge with one endpoint in .# and the other in _#, and
S oA 7 otherwise.

Definition 3.3.1. Let (X;);c.» be a family of random variables and let I" be an undirected
graph with vertex set .#. The dependence structure of the family (X;);c.» fits I' if for any
sets #, X C .F with # ¢ X, the subfamilies (X;);c » and (Xj)rer are independent.
We shall call " a dependence graph for the family (X;);c.r.

As in Section 3.1, consider a sum W = 3., X, such that >, , E[X;| < 0o, EX; =0
for all i € .# and var(W) = 1; in addition, suppose that >._, E|X;|> < co. Next, let I’
be a dependence graph for the family (X;);c»,. Take D < oo and suppose that for each
i € ., there are no more than D vertices j with i ~ j. In other words, the degrees of all
vertices are strictly less than D. We shall show that under these conditions, W can be
reasonably decomposed as in Proposition 3.1.1. To achieve this, first set

Ji={jesits}t, Xy=X;, R=> X;, Wi=> X;.
gii~g Gt

Since the dependence structure of the family (X;);cr fits I, W; is independent of X.

Next, set
Rij = Z Xk, Wij = Z Xk
kit j~k kskot{i,j}
and again observe that W;; is independent of the pair (X;, X;). Now we bound the
quantities appearing in (3.1.6) and (3.1.7). First, by the inequality between the arithmetic
and the geometric mean, we have

Sy = Y X< Y ().

i€s je g (1,9)5i~g (4,9)5i~3
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Since the vertex degrees are bounded from above by D, we have ‘{ jiin~ g }‘ < D and
|{j R J}‘ < D, leading to

SN XXy < DY E(XP) < gz@zw —|—]E|XZ-|3> <0,

€S je_J; €S €S

applying again the inequality between the arithmetic and the geometric mean in the
second inequality. Next, observe that

1
SN XX IR = 3 NI S 5 S (XK X,

€S jE I (3.3,k)EA (i.3,k)EA

where 7 = {(i,j, k);ir~g,j~kiod k}} as illustrated below:

J

The elements i, j and k must be distinct. Therefore, [{(j,k) ; (i,5,k) € A} < (D —
1)(D = 2) for all 4, |{(i,k) ; (i,5,k) € A} < (D —1)(D —2) for all j and |{(4, ) ;
(i,5,k) € Zi}| < (D —1)(D —2) for all k, leading to

> D E(X[1X]Ryl) < (D—1)(D-2) ) E|Xi[.

€S JE_F5 €S

Next, observe that

1
DD XX R+ Ryl = D0 XXX <5 Y0 (KP4 1P+ X)),
€S jE_Z; (4,9,k)E T (3,5,k)E T

where % = {(i,j, k);inr j,in~ {j,k}}. Elements (i, j, k) of the set 9 can be divided
into the cases illustrated below, along with upper bounds on the number of pairs (j, k) with
(1,7,k) € F for fixed i, which are also upper bounds on the number of pairs (7, j) with

(1,7,k) € D for fixed j and upper bounds on the number of pairs (¢, j) with (i, j, k) € Z
for fixed k:

) J
i k
O O O O Oo——=O

i=j=k 1=7 k i j=k i=k J J k

1 D-1 D-1 D-1 (D-1)(D-2) (D-1)(D-2)

Therefore, |{(j,k) ; (i,4,k) € %}| < 2D* = 3D +2 for all 4, |{(i,k) ; (i,5,k) € %}| <
2D? — 3D + 2 for all j and H(Z,j) (1,7, k) € %}‘ < 2D? — 3D + 2 for all k, leading to

> Y E(IX] Xyl [Ri + Ryl) < (2D° 3D +2) Y E|X;[*.

€S jE Z; eSS




M. RAIC: STEIN’S METHOD 45

Writing E(1X;| |X;]) E|R; + Rij| = E(1Xi| |Xi;] | R + Rj;|), where the pair (R}, R};) is an
independent copy of the pair (R;, R;;), we can similarly estimate

S ST E(X X)) EIR 4+ Byl < (207 = 3D +2) S E|X[
€S jE I €S
Collecting all together and applying Corollary 3.2.4, we obtain the following result:

Theorem 3.3.2. Let (X;)icr be a family of random variables with dependence structure
which fits a graph T'. Suppose that for each i € ., there are no more than D < oo vertices
j with i ~ j. Assume that Y,  ,E|X;] < 00, >,c ,E|X;|> < 00 and EX; = 0 for all
i€ S Let W=73",_,X; and suppose that var(W) = 1. Then we have

dw (ZL(W), N(0,1)) < (TD* - 12D +8) Y "E|X;[*.
ics
N
Example 3.3.3. If the summands X; are independent, we can set ¢ ~ j if and only if
t = 7, leading to D = 1 and the bound
dw (L(W), N(0,1)) 3> E|X,,
ics
which is the same as the bound in Example 3.2.5.

Example 3.3.4. Consider U-statistics: let &1,&s,... be independent and identically
distributed random variables taking values in a measurable space (5,.7). Let F': SxS —

R be a symmetric product measurable function. Suppose that E|F (51,52)‘3 < oo and
E F(&,&) = 0. Consider the sum

> F&.&).

1<i<j<n

Now compute the variance:

aZ = Var Z Z COV fmfy) (flmfl))-

1<i<j<n 1<j<k<n

Noting that

var (F (&1, &) ci=g, k=1
COV(F(fi,fj)a F(fk,fl)) = COV(F(§1,§2)= F(§1,§3)> s Hi, gy n{k 1} =1
0 ; otherwise

and letting V; := var(F(£1,&)) and Vs := cov(F(&,&) F(&,&)), we obtain

05:@v1+n(n—1)(n_z)v2.
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Assume that F' is not almost everywhere zero (with respect to the joint distribution of
(&1,&2), so that V3 > 0. The covariance V5, can be decomposed as

Va = Ecov(F(61.&), F(6,6) | &)] +cov[E(F(&.&) | &), E(F(6.&) | &)].

Since & and &3 are conditionally independent give &, the first term vanishes. Next,

E(F(51,§2) | 51) = E(F(&,&,) | 51). Therefore,
Vy = Var[]E(F(&,ég) | gl)} >0.
Thus, if E(F(&, &) | &) is not almost surely constant (or equivalently not almost surely

zero), we have V4 > 0. In this case, the U-statistic is called non-degenerate.

The dependence structure of the family (F (&, Sj))l <icj<n fits the graph on the vertex set
{(i,7) ; 1 <i < j < n}, where vertices (i,) and (k,[) are adjacent if {i, j} N {k,1} # 0:
taking families (ia,jo)aca and (ks,ls)sen, such that {in, jo} N {ks, {5} = 0 for all a and
3, the sets {iq, jo ; & € A} and {kg,ls ; f € B} must be disjoint. Consequently, we may
take D = 2n — 3.

Rescaling and applying Theorem 3.3.2, we obtain

U, n(n — 1)(28n? — 48n + 59) 3
(e (ae) o) < e g e

Notice that if the statistic is non-degenerate, then the rate of convergence is again 1/y/n,
like for independent random variables (see Example 3.2.5).

If the statistic is degenerate, the distributions may not converge to the standard normal.
A typical example is if F' is of the form F(z,y) = G(z) G(y). In this case, we have

n

1/ S
Un=3 (Z G(&J) —32_(G@)". (3:3.1)
i=1 i=1
Observe that E[F(fl,ﬁg)}] = (E [G(fl)})Q = 0, so that E[G(&;)] = 0 by our assumption.
Letting 77 := var[G(&)], we find that the first term in the right hand side of (3.3.1)
has expectation n7f and variance of order n?, while the second term has expectation nr?
and variance of order n. By the central limit theorem, the distribution of the first term
divided by n approaches the chi squared distribution with one degree of freedom, scaled by
a constant factor. Therefore, the distributions of U,,/y/n converge to the centred version
of that distribution.

3.3.2 Random permutations

Let A =[a(i, j)];; be a n x n matrix of real numbers. Consider the statistic

W= a(i (i) =32 Y ali )11 = ).

i=1 j=1
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where II is a uniformly distributed random permutation of {1,2,...,n}. Observe that W
changes just for a constant if we add a constant value to all entries of a particular row
or column. Subtracting the averages, we can make all rows to have sum zero. Doing the
same with the columns, observe that the row sums still remain zero. Therefore, we can
assume without for generality that

n n

D afi,j)=0 foralli and Y a(i,j)=0 forallj. (3.3.2)

j=1 i=1

In this case, of course, EW = 0. Now compute

var(W) =E(W?) = Y > a(i,j)alk,)P(II(i) = j, O(k) =1).

1<i,j<n 1<i!,j'<n

Noting that

s ai=kj=1
P(T(i) =4, (k) =1) =< gy s i# R #L,
0 ; otherwise,
we further compute
1 . .
var(W) = — > alig)’+ Z > ali,g)alk,1)
1<i,5<n l<z ,1<n 1<k, I<n;k#i,l#]
1 .
Y e Y Y
1<4,5<n 1<z ,1<n 1<k, l<n

ZZ

1<z ,1<n 1<I<n

o, 2 2 bl

1<7, ,J<n 1<k<n

1 2
+m Z a(i, j)

1<i,j<n

=ni1 > alij)’.

1<ij<n

In the sequel, we shall assume (3.3.2) and var(W) = 1.

To construct decompositions from Proposition 3.1.1, we introduce the concept of simple
random relocation.

Definition 3.3.5. Let A C M be finite sets. A simple random relocation of the set A
within the set M is a random permutation T4 of the set M, which acts as follows:

e The elements of the set A are mapped to any elements of M uniformly at random.

e Given the latter and denoting by B the image of A under T4, all elements of B\ A
are mapped to the elements of A\ B uniformly at random.
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e The other elements are left unchanged.

Proposition 3.3.6. Let A C M be finite sets and let Ty be a simple random relocation
of A within M. Take a uniformly distributed random permutation 11 of M, independent
of Ta. Then Lo T, is also uniformly distributed and is independent of the restriction of
IT to A.

PrOOF. Let A = {iy,...,4,}. What we need to prove is that given II(i1) = jy,...,II(i,) =
jry o Tt is uniformly distributed. Suppose that T4(i1) = ki,...,Ta(i,) = k,, and
observe that the map 0 — oo T gl is a one-to-one correspondence between the set of
permutations o with o(i1) = j1,...,0(i,) = j, and the set of permutations o with o (k1) =
J1s---,0(ky) = j.. Therefore, given Tx(i1) = k1, ..., Ta(i,) = ky, 11(41) = ju,...,11(3,) =
Jr, the random permutation o o Tgl is uniformly distributed over all permutations o
with o(ki) = j1,...,0(jr) = jr. Noting that the r-tuple (T4 (1), ..., T4(i,)) is uniformly
distributed over all possible elements of M" with distinct elements, the proof is complete.

]

Now set
Si={1,2,...,n}, X;:=a(i,1()),

noting that EX; = 0 for all 7. Next, take a family of simple random relocations Ty,
A C {1,2,...,n} of sets A within {1,2,...,n}, which are all independent of II. By
Proposition 3.3.6, the random variable

Wi = Z a(, (T (7
7j=1
is independent of X; for each 7, so that we can set

S = {1,2, ce 7n}7 Xij = G(j7H(j)) - a(T{i}(j),H(j)) ) R; = Z Xija

JE€EI;

Mz

a(Ty (), (7)) , (3.3.3)

Jj=1

noting that R; =W — W,.

The pair (X;, X;;) is uniquely determined by 77;; and the restriction of II to {i, j}. Thus,
take another family of simple random relocations T, A C {1,2,...,n}, which is inde-
pendent of all other random variables. Similarly as before, put

N

Wi = a(k, (T (k) Za Ty, 5y (k) T1(K)) (3.3.4)
k=1 j=1

and by Proposition 3.3.6, W;; is independent of the pair (X;, X;;).
To apply Corollary 3.2.4, we need to bound the sums

SO E[IXG[ Xyl [Ri+ Ryl] . D> E[IXG] Xyl |Ryl]

i=1 j=1 i=1 j=1

i=1 j=1

(3.3.5)
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As T4 preserves all points outside AU T4(A) = AUT,'(A) (and similarly T%), we have

| Xi| < 1[? € {@T{_i}l(i)}] (‘G(LHU)” + ‘G(T{i}(J')’H(J'))D :

R+ Ryl < 301 [k e (i3, 7030, T )] (el 1100) | + (77,3 00, T1R))] )

k=1
mmz ke (5., T ,T{'”1}<>Tg”1}<y>}}

% (| (T (), )| + o (T3, (k). TU(R)) )
(3.3.6)

The resulting bounds on the sums in (3.3.5) can be expressed in terms of auxiliary random
indices and permutations: let I be uniformly distributed over {1,2,...,n} and indepen-
dent of all other random elements. Letting

Jy=1, Jo T{I}([)
Ji=Jr, S =T ()
K:=1, K.y = J,, K3 T{/I}}U) Ky T{/I}}(‘])
Kis1 = K, Jrs2 = T{I,Jr}(Krs) )

we find that
SO CR[X| X5 | Ri + Rl
i=1 j=1
2 2 4 2
< nE[ia(I,Hm) 1> Ja(Fn D) DY la(FKpw, (L)) |
r=1 u=1 s=1 v=1

Applying the inequality between the arithmetic and the geometric mean, we obtain

O CE[Xl 1X55] | Ri + Rl
i=1 j=1
2

<SS S [Efa( ) [+ Bl D) [+ Ela(Krw, ) [

r=1 u=1 s=1 v=1

Using independence, we find that each random index L being equal to I, J,, or K.,
is uniformly distributed over {1,2,...,n}. Moreover, since II is independent of all these

random indices, IT1(L) is independent of L and also uniformly distributed over {1,2,...,n}.
This leads to the bound

SN CE[IXG] Xyl R+ Ryl] < % > ali, )

i=1 j=1 i=1 j=1
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Similarly, introducing K,5 := T{'al(] ), we estimate

Zn: Zn:EUXi’ | X5 | |Rij ]

i=1 j=1
5 2

< 0|1 1H0) [ 30 Y (o 1) | 30 Y T, )
<S> Jai)f

i=1 j=1

Finally, to estimate the last sum in (3.3.5), we introduce another random permutation IT',
which is uniformly distributed and independent of all other random variables. Similarly
as before, we obtain

S E[X Xyl EIR + Ryl

< 0B [a(L D) 3 3o (e 1) [ 3 (e ()|
<233 lali )P

i=1 j=1
Collecting all together and applying Corollary 3.2.4, we obtain the following result:

Proposition 3.3.7. Let a(i,j), 1 <i,5 <n, be real numbers, such that

n n

Za(i,j) =0 foralli and Za(i,j) =0 forallj.

j=1 i=1

Take a uniformly distributed random permutation 11 of the set {1,2,...,n} and let

W= Za(i,H(i)).

If var(W) =1, then we have

n n

B (Z0V), N(0,1)) £ 2 373 ai )P

n - .
=1 j=1
[l

Remark 3.3.8. More careful computations along with a more sophisticated version of
Corollary 3.2.4 would yield a better constant. Moreover, as mentioned in Example 2.4.4,
it is plausible that a sum of m independent random variables can be obtained as a limit
of statistics W defined as above, where a(i,j) = 0 for ¢ > m, m is fixed and n tends to
infinity. It is possible to derive a bound in the normal approximation which approaches
the bound for sums of independent random variables as stated in Example 3.3.3.
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3.4 The Berry—Esseen theorem

The celebrated Berry—Esseen theorem bounds the error in the central limit theorem for
independent and identically distributed random variables in terms of the Kolmogorov

distance:
dx(p,v) = Z‘p((—oo,a]) - V((—OO,CL])‘ .

a€R

Theorem 3.4.1 (Berry [7], Esseen [16]). Let &,&,... be independent and identically
distributed random variables with E&; = 0, var(&;) = 1 and E &2 < oo. Letting

:§1+52+"'+§n

wm .
Vn ’

we have

CE|&P

(n)
dic (£ (W), N(0.1)) < =2

where C' is a universal constant.

Remark 3.4.2. The calculation of the constant C' has a long history. In 1941, Berry [7]
claimed that the result holds with C' = 1.88, but his calculations turned out not to be
entirely correct (see Hsu [21]). In 1945, Esseen [16] proved the result with C' = 7.59. Over
the next decades, the constant was significantly improved. The best value obtained so
far seem to be C' = 0.4748, obtained in 2011 by Shevtsova [28] (the same author even
claims C' = 0.469 in her paper [29], but provides no proof). Shevtsova’s bound is not
far from optimal: a lower bound [L\/Qif > 0.4097 on the constant C' was derived in 1956
by Esseen [17]. For more details on the history of calculation of C', see Korolev and
Shevtsova [22].

Remark 3.4.3. Example 3.3.3 provides a bound in the Wasserstein distance:

BE|& [
vno

dw (ZL(WM), N(0,1)) <

which, combined with (A.2.7), gives

dw (L(W™M), N(0,1)) < é/\/% —VE/_L?'?’ :

However, the latter bound does not preserve the rate of convergence.

Here, we prove Theorem 3.4.1 by Stein’s method. Unfortunately, the constant will be
far from optimal. However, the main advantage of Stein’s method is that it can be
readily applied to sums of dependent random variables, where most other methods do
not seem work. In particular, most of the improvements of the constant in the Berry—
Esseen theorem (including the improvement by Shevtsova [28]) are proved by the method
of characteristic functions. For sums of independent random variables, characteristic
functions satisfy the multiplication formula, which has no straightforward extension to,
let’s say, local dependence.
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Thus, the proof of the Berry—Esseen theorem can serve as a guideline how to extend the
result to sums of dependent random variables. Here, we shall not do the latter. In fact,
bounds of correct order in terms of the Kolmogorov metric are much harder to obtain
than for the Wasserstein metric. In particular, it seems to be very difficult to derive a
result being as general as Corollary 3.2.4. Instead, more special results have been derived.
Bolthausen [8] proves a Berry—Esseen type result for random permutations. Chen and
Shao [12] prove a result for local dependence, but that result does not yield the counterpart
of Theorem 3.3.2 for local dependence. One can do more under the assumption of higher
moments: see Chen, Goldstein and Réllin [10] and references therein. The assumption of

boundedness admits even more general and cleaner results: see Dembo and Rinott [15],
Goldstein [19] and Rai¢ [26].

In order to derive the Berry—Esseen theorem by Stein’s method, it is beneficial to consider
functions with bounded total variation in view of Section A.3.

Theorem 3.4.4. Consider a function h: R — R.

(1) If h has bounded variation, then the function f defined by (3.2.4) is an almost-
everywhere solution to the Stein equation (3.2.1), which satisfies V(f') <2V (h).

(2) If h is absolutely continuous and b’ has bounded variation, the function f defined by
(3.2.4) is a classical solution to the Stein equation (3.2.1). Moreover, f' is absolutely
continuous and V(") <2V (h').

PROOF.

Part (1). First recall that h is bounded by Remark B.2.2 and measurable by Corol-
lary B.2.5. Therefore, N'|h| < oo. By Proposition 3.2.1, there exists an almost-everywhere
solution f to the Stein equation, which means that f is absolutely continuous. Recalling
(3.2.6), there is an almost-everywhere derivative of f given by

w o0

f'(w) = h(w) — w’(—w)/ h(z) ¢(z) de — w’(w)/ h(x) ¢(z) dx . (3.4.1)

—00 w

We shall derive a formula similar to (3.2.7), which was derived from (3.2.6) by inte-
gration by parts, integrating ¢ and differentiating h. This can be done of h is abso-
lutely continuous, which is not an assumption in our case. However, we can use the
(improper) Riemann—Stieltjes integral. By assumption, h has bounded variation. Letting
O~ (y) := &(—y), P and &~ are absolutely continuous. By Proposition B.3.8, we can then
rewrite (3.4.1) as

w o0

f'(w) = h(w) — ¥/ (—w) / B(z) dB(z) + ¢ (w) / h(r)dD ().

—00 w

By the integration by parts formula (Proposition B.3.6) and noting that
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limyy s oo A(w) ®(w) = im0 h(w) (—w) = 0, we have

w

F(w) = h(w) — ¢/ (—w) hw) B(w) + ' (—w) / B(y) dh(y)

[e.9]

— /(1) h{w) B(—w) — ¢ (w) / &(—y) dh(y)

=) [ 0 dn) —vw) [ o) dniy),

where the last equality is due to Proposition C.2.3 for r = 1.

Let Aj, be the signed measure associated to h in view of Definition B.4.9. By part (2) of
Proposition B.4.11, we have [ ®(y) dh(y) = o) @ dAR and

f:; O(—y)dh(y) = f(w y P dAy, for all @ < w < b. Since @ is bounded on (—oo,w] and
®~ is bounded on (w,c0), we may take the limit in @ and b, leading to [ _ ®(y) dh(y) =
f(—oo,w] ® dAy, and fulj O(—y)dh(y) = f(w,oo) &~ dAj. We may rewrite this as

rw - [ " Flw,y) A(dy).

—00

where
) W (w)(~y) sw<y
F<“”y>—{ F(-w)0(y) s w>y.

Letting F,(w) := F(w,y), it is left to the reader as an exercise to show that > _, | F}, (wy,)—
Fy(wi-1)] < 2(¢'(y) @(—y) + ¢'(—y) ®(y)) for every sequence wg < wy < -+ < w,
(use Proposition C.1.5). Therefore, V(F,) < Z(Ib (y) ®(—y) + ¥'(—y) ®(y)). More-
over by Proposmon C.1.6, we have hmt_,ooHF t) — Fy(w — %)} + }Fy(w — %)‘ —

W)+ |F,@) — F,0)|] = 24/ (y) @(—y) + ¢'(—y) ®(y)). By Proposition C.2.3, we
have Y (y) ( y) + ' (—y) ®(y) = 1, so that V(F,) = 2 for all y. Finally, applying
part (2) of Proposition B.2.7 along with part (1) of Proposition B.4.11, we estimate
V() < [ V(E,) IA(dy) = 2/ Anl] = 2V (k), proving part (1).

Part (2). We proceed similarly as in part (1). First recall that A’ is bounded by Re-
mark B.2.2. Therefore, h is of linear growth and A|h| < co. By Proposition 3.2.1, there

exists a classical solution f to the Stein equation, such that [’ is absolutely continuous
and, recalling (3.2.8),

w o

f(w) = W (w) — "' (~w) / W (y) (y) dy — 1" (w) / W) d(—y)dy.  (342)

—00 w

Again, we rewrite this formula in terms of the Riemann Stieltjes integral. By assumtion,
W has finite total variation. The functions ®y(y) := [*__ ®(t)dt D5 (y) := Po(—y) are
absolutely continuous. By Proposition B.3.8, we have

w e}

F(w) = ' (w) — " (~w) / W () d®a(y) + 0" (w) / () d®; (y)

— 00 w
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By the integration by parts formula (Proposition B.3.6) and noting that
limyy s oo B/ (w) Po(w) = limy, 00 A’ (w) Po(—w) = 0 by Corollary C.2.2, we have

w

f"(w) = W(w) = ¢"(—w) b (w) Pa(w) + w"(—’w)/ Gy (y) A’ (y)

—00

— " (w) I (w) Ba(—w) — (w)/ ®y(—y) dh'(y)
:M(_w)/w Dy (y) A’ (y) / Dy(—y) dl'(y) ,

—00

where the last equality is due to Proposition C.2.3 for r = 2. Similarly as in the proof of
part (1), we can rewrite this as

rw = [ " Glw,y) Aw(dy).

where

YN (w) Pa(—y) s w<y
Glw,y) = { P'(—w) Pay)  w>y.

Letting Gy (w) := G(w,y), we again find that V(G,) = 2(¢"(y) P2(—y)+¢"(—y) P2(y))
2, with the last equality due to Proposition C.2.3 for r = 2. Finally, applying part (2

of Proposition B.2.7 along with part (1) of Proposition B.4.11, we estimate V(f”)
2 V(F,) [Aw|(dy) = 2||Aw|| = 2V ('), completing the proof.

~—

L1IA

PROOF OF THEOREM 3.4.1. Sums of independent random variables are clearly a very
special case of decompositions of Barbour, Karonski and Rucinski introduced in Sec-
tion 3.1. Letting

XM .= R .= x = WO =W =W - xR =0,

(2

all conditions specified in Section 3.1 are fulfilled and (3.1.5) reduces to

L7 0V) — SV = SB[+ 0,00 X (07
i=1 (3.4.3)

=60 (W + 0,6, 7) ()]
where 6; and 6, are uniformly distributed over [0, 1] and independent of each other as

well as of X\™ ..., X\, This is true for all functions f with M(f) < oo (see Proposi-
tion 3.1.1).

Denoting the indicators of half-lines by
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the error in the normal approximation in the Kolmogorov metric is expressed as

E[ha (W™)] =

Unfortunately, the derivative of the solution of the Stein equation (3.2.1) with h, in
place of h is not absolutely continuous (exercise). Therefore, similarly as in the proof

of Propositions A.2.9 and A.4.11, we approximate the step functions h, by the slope
functions

dx <$(W(")), N(0, 1)) = sup

a€R

1 rr<a
hap(z) == z:z ca<z<b
0 ;T :

defined for a < b. Observe that

b
b—=x bh— b—a
ha - ha: /— = —
N b N /ab—a b—a $ 9 271'

bx—a x—a b—a
hy — Nhgp =
Nhy =N b /a b—a \/ / b—a 2o

Therefore, for any a € R and € > 0,

E|h, W) — he <E|hggse W) — hoare + c
[ ( )} N [ at ( )] Nhaat Wik
he — E|hg (W ] < hoeea — Elhg—calW N + ©

and consequently

13
22

Let f, 5 be the solution to the Stein equation (3.2.1) defined by (3.2.4) with f,, in lace of
f and h,y in place of h. Since M (h,yp) < 0o, we have M;(f,p) < oo by Theorem 3.2.3,
so that (3.4.3) applies with f,; in place of f. Therefore,

dx <$(W(”)), N(0, 1)) < sup

a€R

E [ha,aJrs (W(n))] - Nha,a+s +

(3.4.4)

E[haare(W™)] = Nhaate = ZE[ Ve (W 4+ 0, X)X E (X))

)

O ) (]

Now fix x € R and consider the expectation

E| [l (W +2)| = {+(\/7 W“ﬂﬂ. (3.4.6)

Denoting by N (u, 0?) the normal distribution with mean g and variance o2, write

<f;’,a+g,N< )> \/: J ((w—x) nfl)dw.
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However, since [, 1y (w) dw = iy f]4.o(1) = iy fl 4y () = 0, we also

have
R e W (g

Applying by Proposition B.2.6 and part (1) of Theorem 3.4.4, we estimate

" n-—
(o) i

= —_— V /
2\/% n—1 (fa,a—I—a)

(3.4.7)
= \/— n— 1 V(h’a7a+a)
v
om(n — 1)
Next, observe that, by Corollary A.3.3 and part (2) of Theorem 3.4.4,
n—1) " n—1
sl (e )] (e (=220 )
" n—1) n—1
S V(fa,a—‘ra < ( W ) N(.T, n ))
(3.4.8)

= V(flase) (L (W), N(0,1))
< 2V (1) di (£ (WOY), M0, 1)

- é dK(g(WWU) , N0, 1)) .

Combining (3.4.6), (3.4.7) and (3.4.8), we obtain

el 017 0| £ i+ 2

where

b = dic (L (W), N(0,1)).

We also have

46,

‘]E[aa+g(W(”)+9X ‘X(n) 91,92] n + 1,
n—1 €

46,

B0 (W 4 00X ) | X0, 01,92]]<2 TS
n — €
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Plugging into (3.4.5), we obtain

s V)] = N

: ( V QW\(/:— 1 45” 1) :1 (E}X(n)‘ E ! ) * E(01|Xi(n)|3>] .

By Jensen’s inequality, we have IE}XZ(”)‘ < (E‘Xi(”) ‘3> v and E(Xi(n))2 < (E’Xi(n){g)z/g,
leading to

E s V)] = N

2 \/2r(n—1) €

3v/n n 60,1\ E &
8m(n —1) € vnoo

< <§ \/ﬁ + 66n1> nE|X§n)|3

Combining with (3.4.4), we obtain

3
5n S ( 3\/% 4 65n_1> E|€1| X £

87(n — 1) £ Voo 221

It is easy to check that infa>0(§ + be) = 2v/ab for all a,b > 0. Therefore,

L [V
V/8m(n —1) N

Letting C), := d,4/n/E|& |, we rewrite this as

C,

\/87rn—1 \/\/27r n—l -

Trivially, 6, < 1 for all n. Next, by Jensen’s inequality, we have E | [* > (E 5%)3/ ‘=1
Therefore, C,, < y/n for all n. However, our goal is to bound C), uniformly in n. Numerical
calculations show that

Vi1

\/87r n—l \/\/ﬁ

for all n < 35. Therefore, in this case, we can merely say that C,, < /n. Letting

*

87Tn—1 \/\/27r n—l ’

C;E) = \/%7 C;; =

numerical calculations show
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G|
5.916080 |
5.966365 |
5.987821 |

L n]
135 ]
Ed
Ed
| 38 | 5.996282 |
139
140 |
41 ]

5.998944 |
5.999055 |
5.998073 |

Clearly, C,, < (35 for all n < 35 and C,, < C}; for all n > 35. We have C5; < C3; < O3, <
Cis < O3y < CJy, so that C), < Cf, for all n < 40. Now prove by induction that this
remains true for n > 40. Indeed, for n > 41, observe that

C, < Ch—
87r n— 1 \/\/277 !

3v41 /41
< + - OZO
V320 V2r V 40
< 5.998074 < C, .

Thus, we have proved the result for C' = Cj}, < 6. O

Remark 3.4.5. For large n, we can do slightly better: one can show that
limsup,, ., Cn < C,, where C* is the unique solution to the equation

3 12
= e+, | —C*.
VA \ 2T

The solution can be computed explicitly as C* = %ﬁﬁ < 5.923683. Thus, the improve-
ment is still very small comparable to the result of Shevtsova [28], which gives C' = 0.4748.

As regards Stein’s method, Chen and Shao [11] succeed to derive the Berry—Esseen in-
equality with C' = 4.1 (however, their constant also applies for sums of non-identically
distributed random variables). Even this constant is far away from 0.4748. As already
mentioned, the advantage of Stein’s method is possibility of extension to dependent sum-
mands, but we shall not tackle this issue here.



Appendix A

Convergence of probability measures

Note. This appendix requires a basic knowledge of the theory of metric spaces and
topology. For basic definitions related to the latter as well for a slightly deeper insight,
the reader is referred to [24] or [30].

We are often interested whether a sequence of probability distributions (p,)neny on a
measurable space (5,.%) converges to a given probability measure p. In order to make
this precise, we have to endow the space Pr(S,.7#), the set of all probability measures
on (S,.7), with a topology. The latter will be based on test functions: the probability
measures p and v are “close” if the integrals (f, u) and (f, v) are close for a suitable
class of measurable functions f, where we recall from (1.1.1):

(f ) :Z/fdu- (A.0.1)

Remark A.0.6. If the test functions are unbounded, they cannot test all probability
probability measures. In this case, Pr(.S,.%) should be replaced by a suitable subspace.

Throughout this appendix, (.5,.) will denote a measurable space, while .# will denote
a subspace of Pr(S,.).

A.1 Metrics based on test functions

One of the ways to construct a topology on .# from a class of test functions .# is to
define the following metric:

dz(p,v) = §2§|<f’ v) —(f, m]| (A.1.1)

Of course, we must check whether the right hand side is well defined and whether it
represents a metric. Firstly, (|f|, u) must be finite for all 4 € .# and f € .%. However,
this does not imply that d(u, ) < oo. Suppose that the latter is true. In this case, the
symmetry is obvious and the triangle inequality is easy to check, too. It remains to check

29
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that d(p,v) = 0 implies p = v. This is obviously true if the class .# is rich enough. The
proof of the following assertion is easy and is therefore left to the reader:

Proposition A.1.1. Let dz be as in (A.1.1) and let d(u,v) < oo for any u and v. Then
dg is a metric if and only if the test functions from % separate the probability measures
from A, that is, when for any two probability measures u # v € M, there exists a
function f € F, such that (f, u) # (f, v). O

Example A.1.2. Letting .# be the class of indicators of all measurable sets, we obtain the
total variation metric, which will be denoted by drv. Thus, for example, Proposition 2.2.2
can be rewritten as

1—e?
drv (£ (W), Po())) < S ZP?-
€S
where £ (W) denotes the distribution (law) of W, that is, Z(W)(A) = P(W € A).
Clearly, we can take .# = Pr(S,.#) and the class of indicators of all measurable sets
separates all probability measures by definition, so that drv is a metric.

Remark A.1.3. The total variation metric typically works well in discrete spaces. Oth-

erwise, it is usually too strong. As an example, consider a sequence 1, xs,... of points
in a metric space, which converges to x. If all the points z, are different from z, then
drv(0s,,0,) = 1 for all n, so that the sequence of Dirac measures 0,,,d,,, ... does not

converge to 0.

Example A.1.4. Letting .# be the class of indicators of all half-lines (—o0, a] on the real
line endowed with the Borel o-algebra Z(R), we obtain the Kolmogorov metric, which will
be denoted by dk. Again, we can take .# = Pr(]R, %’(R)) We claim that .% separates
all probability measures. To show this, take Borel probability measures p and v which
agree on .7, that is, on all all half-lines (—oo,a]. The family of all half-lines is closed
under intersections and generates the Borel o-algebra. By Theorem A.1.6 below, pu and
v agree on all Borel sets, so that u = v. Therefore, .% separates all probability measures,
so that dk is also a metric. Clearly, dx < dtv, so that dk is weaker than drv.

Definition A.1.5. A 7w-system is a collection of sets which is closed under finite inters-
estions.

The following result is a consequence of Dynkin’s 7—\ theorem (see, for example, Corol-
lary 1.6.3 of Cohn [13]).

Theorem A.1.6. If two probability measures agree on a w-system which generates a
o-algebra .7, then they agree on .. O

The fact that the set of all half-lines (—oo,a] separates probability measures can be
generalized in the following way:

Proposition A.1.7. Let .Z be a class of measurable functions on (S,.) and let & be
a m-system which generates .. For each A € &2, suppose that there exists a uniformly
bounded sequence of functions f, € span.%# which converges pointwise to the indicator 14
of a set A. Then .F separates all probability measures from Pr(S,.7).
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PRrOOF. Let u,v € Pr(S,.7) be such that (f, u) = (f, v) for all f € .#. Thanks to
linearity, this is also true for all f € span.#. From the dominated convergence theorem,
it immediately follows that p(A) = v(A) for all A € . By Theorem A.1.6, u(A) = v(A)

for all A € ., so that = v. ]
Remark A.1.8. Again, if x1,2,,... is a sequence of real numbers converging to x and
all numbers z,, are different from z, we still have dk(d,,,0,) = 1 for all n, so that the
sequence of Dirac measures 0, d,,, . . . does not converge to d, in the Kolmogorov metric
either.

Now consider another example: take 0 < p < 1 and let X,, ~ Bin(n, p), n € N be binomial
random variables. Define

Xn —np
Vnp(l—p)
Then the sequence Y,, n € N, does not converge to the standard normal distribution
N(0,1) in the total variation metric: letting A := {k/\/np(1—p) ; k € Z,n € N}, we
have P(Y,, € A) = 1 for all n € N, while N(0,1){A} = 0. However, by the classical
Laplace central limit theorem, it converges in dx.

Y, = var(X,) *(X, —-EX,) = (A.1.2)

A.2 The Wasserstein metric

As seen in the previous section, convergence of a sequence of points does not imply
convergence of the underlying sequence of the Dirac measures in all metrics. Here, we
define a metric for which this is true. However, this metric will not be defined on all
probability measures.

Definition A.2.1. Let S be endowed with a metric d and let . be the underlying Borel
o-algebra. A probability measure p € Pr(S,.%) has finite first absolute moment with
respect to the underlying metric d) if

/d(x,y),u(dy) < 0 (A.2.1)

for some (all) x € S. The space of Borel probability measures with finite first absolute
moment with respect to a metric d will be denoted by Pr’ (S, d).

Remark A.2.2. For cach probability measure u € Pr”’ (S, d) and each Lipschitz function
f: S — R, we have (|f|, p) < oc.

Definition A.2.3. The Wasserstein metric (also known as Dudley, Fortet—-Mourier or
Kantorovich metric) on Pr*' (S, d) is defined by

dw(p,v) = M88§><1\<f, v) = (f, m], (A.2.2)
where
My(f) = sup LB = LW (A.2.3)
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(notice that M;(f) is defined differently in (B.1.2), but the definitions coincide by Propo-
sition B.1.9).

Proposition A.2.4. The right hand side of (A.2.2) is finite for any two probability
measures ju,v € Pr’ (S, d).

PROOF. First, we check finiteness. Taking f with M;(f) < 1 and choosing arbitrary
z € S, observe that

[(f vy =(f, m] =

[ [0 - 1) i) u(dy>\

< [ [ dte.g) utan) vty
sJs (A.2.4)
< [ [ (@w2) + dty.2) utae) viay

= /d(x,z) p(dz) + / d(y, z) v(dy) < co.
S s
From Proposition A.1.7, it follows that Lipschitz functions separate probability measures.
Therefore, by Proposition A.1.1, dw is indeed a metric. More precisely, the conditions of
Proposition A.1.7 are fulfilled because the indicator of any closed set can be expressed as
a limit of a uniformly bounded sequence of Lipschitz functions, while closed sets form a
m-system generating the Borel g-algebra .. This completes the proof. O]

There are several alternative definitions of the Wasserstein metric. A very important one,
stated here as a theorem, is based on couplings.

Theorem A.2.5. If S is separable, then for any two probability measures
[,V E PrLl(S, d), we have
dw(p,v) =infE[d(X,Y)], (A.2.5)

where the minimum runs over all pairs of random variables X and'Y defined on the same
probability space, where X follows the distribution p and'Y follows the distribution v.

PARTIAL PROOF. For X ~ pand Y ~ v being defined on the same probability space and
for f: S — R with M;(f) <1, observe that

[(fo = v)] = [E[f(X)] —E[f(V)]| < E[f(X) = f(Y)| <E[d(X,Y)].

Taking the supremum over all f in the left hand side and the infimum over all appropriate
pairs (X,Y) in the right hand side, we find that dw (g, v) < infE[d(X,Y)]. The proof of
the opposite inequality is much more difficult and will be omitted here, but see Rachev [25].

m

Clearly, the total variation distance is stronger than the Kolmogorov distance. However,
these two metrics are in general uncomparable to the Wasserstein distance, although in
certain special cases, comparison is possible.
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Example A.2.6. On Z, we have M;(14) < 1 for all A C Z. Therefore, dry < dw, so
that the Wasserstein metric is uniformly stronger than the total variation metric.

Example A.2.7. If S is bounded, the total variation metric is stronger than the Wasser-
stein metric — see Corollary A.5.9.

Example A.2.8. On an unbounded metric space with at least one accumulation point,
the total variation and the Wasserstein metric are uncomparable: neither is stronger than
the other. This is shown by the following two counterexamples: first, take an accumulation
point x, so that there exist a sequence of points x1, xs, ..., which are all different from z
and converge to x. Clearly, drv(0s,,0,) = 1 and dw(d,, ,d,) = d(z,,z). Therefore, the
sequence d,, O,, - . . converges to J, in the Wasserstein metric, but it does not converge in
the total variation metric. Next, choose an arbitrary point y € S. Since .S is unbounded,
there exists a sequence y1,%s, ..., such that d(y,,y) > n for all n. Now consider the
sequence of probability measures jiq, o, . .. defined as

Yy Y 1 1

n n

Since dyv (fn,0,) = 1/n, this sequence converges to the Dirac measure J, in the total vari-
ation metric. However, taking the test function f(z) := d(x, xo), we find that (f, u,) > 1
for all n > 1, while (f, d,,) = 0, so that the sequence p, does not converge to d,, in the
Wasserstein metric.

Considering the same two examples on the real line, we find that the Kolmogorov and

the Wasserstein metric are uncomparable,; too.

However, it turns out that for some probability measures v, any neighbourhood of v in the
Kolmogorov metric restricted to Pr” ' (S, d) is also a neighbourhood of v in the Wasserstein
metric. Consequently, any sequence of probability measures in pr- (S, d) which converges
to v in the Wasserstein metric also converges to v in the Kolmogorov metric.

Proposition A.2.9. Ifv € PrLl(R) 18 a probability measure with density bounded from
above by B, then we can estimate

dx(p,v) < /2B dw(u,v) (A.2.7)
for all i € Pr™ (R).

PROOF. For any a € R, deﬁne fo(z) :==1(z < a), so that

dx (1, )—SupaeR‘ fa, ) —(fa, v ‘ Next, for any a < b, define
1 < a
b—x
Jap(x) = ;a<az<b
b—a

o
8
V
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and observe that My (f,,) = 1/(b—a). Therefore, |{fap, )= (fap, V)| < dw(p,v)/(b—a).
Next, observe that

b — X b — X —a
<fa,b,u>—<fa,u>=/b V(daf)SB/b az = B=9)

b—a . b—a 2
<fb,V>—<fa,b,V>=/ab§:zu(da:)SB/abi:de:M.
Therefore, for any a € R and € > 0,
1) = (o V) < e 1) = e )+ 0
fus ) = 1) S e V) = Uz ) +

Noting that the functions f, .. and f,_., have Lipschitz constant 1/¢ and combining
both estimates with the bound in terms of the Wasserstein distance, we find that

dw(p, v Be
o )= 4o, )] < 2 BE
Taking the supremum over all a, we obtain
d U Be
dx(p,v) < M—i——.
€ 2
Optimization over € completes the proof. n

A.3 More on the Kolmogorov metric

The Kolmogorov metric measures the distance between two probability measures in terms
of the indicators of half-lines. However, we often need to consider more general test
functions. Here, we show that we can take functions with bounded total variation on the
whole real line. We refer to the results listed in Section B.2.

In view of definition B.2.1, define the total variation of a function f on the whole real line
as

V(f)=V(f;R) =sup Z|f($z) - f(xi—l)} )

where the supremum runs over all possible finite sequences zg < 17 < 29 < -+ < z,. A
function f has bounded variation if its total variation is finite.

Proposition A.3.1. For any two probability measures p and v on (R, %’(]R)), we have
di(p,v) = sup{[{f, p) = (. ) s V(f) < 1}.

Remark A.3.2. If f has bounded variation, (f, u) exists for all Borel measures p
because f is bounded and Borel measurable.
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Corollary A.3.3. For any two probability measures p and v on (R,,@(R)) and any
function f with bounded variation, we have

‘(fa/l>_<f7V>‘ SdK(M7V)V(f)

PROOF OF PROPOSITION A.3.1. Letting 6 := dx(p, v), it suffices to prove that

[(f s my = (f, V)] <SV(S) (A.3.1)

for all functions f: R — R with bounded variation. We shall do it step by step, knowing
that (A.3.1) holds for functions of the form f(z) = 1(z < a).

Step 1: assume f(z) = 1(z < a). Letting f,(z) = 1(z < a — 1), observe that the
sequence f, is monotone increasing and converges pointwise to f. The desired inequality
(A.3.1) now follows from the monotone convergence theorem.

Step 2: assume that f is a basic jump function, i. e.,

0 z<a
flz)=<¢ 0 z=a
1 z>a

for some 6 € [0, 1]. Noting that V(f) =1and f(z) =1—-(1—-60)1(z <a) —01(z < a)
and applying Step 1, we deduce that (A.3.1) is true for f.

Step 3: assume that f is a bounded monotone increasing jump function, i. e., of the
form f = ">, ¢yfn, where > 7 ¢, < co. By part (3) of Proposition B.2.7, we have

V(f) =302 cn. Clearly, (f, u) => 2 (fn, p) and (f, v) = > 7 (fa, v). Therefore,
(A.3.1) is true for f.

Step 4: assume that is absolutely continuous, bounded and monotone increasing.
In this case, f(z f f'(a da (see Theorem 6.4.2 of Heil [20]). By part (3) of
Proposition B.2.7, we have V(f f f'(a)da. Rewriting the integral as f(z) =
f_oooo f'(a)1(z > a)da and applymg Fubini’s theorem, we find that

w) = 7 p(la,00)) f'(a)da and (f, v) = [7_v([a,00)) f'(a)da, so that (A.3.1) is

true for f.

Step 5: assume that f is bounded and monotone increasing. By Lemma 1.6.31 (iii) of
Tao [33], f can be decomposed as f = g + h, where ¢ is a jump function g is absolutely
continuous, and both functions are bounded and monotone increasing. Again, by part (3)
of Proposition B.2.7, we have V(f) = V(¢g)+V (h). Therefore, (A.3.1) follows from Steps 3
and 4.

Step 6: assume the general case where f has bounded variation. In this case, (A.3.1)
follows from the previous step and the Jordan decomposition theorem (Theorem B.2.4).
O

A.4 Weak topologies

In Section A.1, we introduced a construction of a metric on the set of probability measures
based on a given class of test functions .%. This metric induces a topology, which will be
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referred to as the metric topology with respect to .. However, the class .%# introduces
another very natural topology.

Definition A.4.1. Let the set .# of probability measures and the class % of test
functions be such that u(|f|) < oo for all p € 4 and f € .Z. The weak topology on
A with respect to F is the weakest topology, such that the functionals pu +— (f, u) are
continuous for all f € .%#. In other words, this is the topology with a subbasis consisting
of all sets of the form

G(f,U)={ved;(f,v)ecU}, (A.4.1)
where f € % and U is an open set in R.
Remark A.4.2. For each u € 4, one can easily check that the sets

N froo ooy fai€1s o en) = {v e ; <fi,u)—<fi,u>‘ <eni=1,...,n}, (A42)

where f1,...,f, € % and €1,...,&, > 0, form a fundamental system of neighbourhoods
of u. Therefore, in this topology, a sequence of probability measures ., converges to a
probability measure p if and only if the sequence (f, p,) converges to (f, u) for each
f € #. We say that the sequence p,, weakly converges to pu.

Comparing the topology introduced here with the topology from Section A.1, we obtain
the following result.

Proposition A.4.3. For given .# and %, the underlying weak topology is weaker than
the underlying metric topology.

PRrOOF. Let K(u,r) denote the open ball about p with radius r, that is, K(u,r) = {v;
d(p,v) < r}. It suffices to prove that each set N (u; fi, ..., fu;€1,-..,E,) contains an open
ball of the form K (u,r). However, this is fulfilled by choosing r := min{ey,...,e,}. O

Remark A.4.4. Typically, the underlying metric topology is strictly stronger than the
underlying weak topology, as illustrated in Example A.4.10 below.

Topologies have numerous important properties. The following assertion concerns two of
them, which are satisfied by all metric topologies. The proof is left to the reader.
Proposition A.4.5.

(1) The weak topology defined by the subbasis given in (A.4.1) is Hausdor(f if and only
if the space F of test functions separates the probability measures in A .

(2) If F is countable, then the weak topology is first countable.

]

Definition A.4.6. Let S be endowed with a topology and let .’ be the underlying Borel
o-algebra. The usual weak topology on Pr(S,.7) is the one with respect to the class of all
bounded continuous functions.
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Proposition A.4.7. If S is metrizable, then the class of all bounded continuous functions
on S separates all probability measures.

PrOOF. We apply Proposition A.1.7: it suffices to prove that there exists a 7-sistem &,
which generates . and is such that for any set A € &, there exists a uniformly bounded
sequence of continuous functions which converges pointwise to the indicator 14 of the
set A. However, since .¥ is the Borel o-algebra, the family of all closed sets, which is
a m-system, generates .. Thus, for any closed set A, we need to construct a uniformly
bounded sequence of continuous functions which converges pointwise to 1 4. If A is empty,
we may take all of them to be zero. Otherwise, take a metric d on S and put

fa(x) == (1 = nd(z, A))Jr :
This completes the proof. n

Combining Propositions A.4.5 and A.4.7 leads to

Corollary A.4.8. If S is metrizable, then the usual weak topology on Pr(S,.7) is Haus-
dorff. ]

The Hausdorff property is all that we shall need from the properties of the weak topology
on a space of probability measures. However, much more can be proved.

Theorem A.4.9. If S is separable and metrizable, then Pr(S,.) with the weak topology
15 also metrizable.

We shall omit the proof. For the case where S is complete, see, for example, Rogers
and Williams [27], pp. 205-209. This proof is very indirect (it refers to the Banach—
Alaoglu theorem). However, the result can also be proved directly, by considering the
Lévy—Prokhorov metric on Pr(S,.7) based on a metric d in S:

p(p,v) :=inf{e > 0; p(A) < v(A%) + ¢ for all closed sets A}, (A.4.3)

where A° := {z € S ; d(z,A) < €}. Some rather involved calculation shows that this
is really a metric which induces the weak topology. A substantial part of this is derived
in Ethier and Kurtz [18] on pages 96-110, in fact all except for the fact that the weak
topology is stronger than the topology induced by the Lévy—Prokhorov metric. This has
to be verified directly — referring just to sequences does not suffice.

Now we turn to the example where the metric topology is strictly stronger than the weak
topology with respect to the same class of test functions.

Example A.4.10. Let S be endowed with a topology, under which S is metrizable and
is not discrete, and let . be the Borel o-algebra. Let .# be the class of all bounded
continuous functions S — [0,1]. It is clear that the weak topology with respect to this
class is just the usual weak topology. We shall show that it is strictly weaker than the
underlying metric topology, noting that d s is a metric because .% separates all probability
measures by Proposition A.4.7.
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Since S is not discrete, there exists a point z, such that {z} is not an open set. Since
S is metrizable, there exists a sequence of points x,, different from z, which converges to
x. Then it is clear that the sequence of the Dirac measures d,, weakly converges to 9,.
On the other hand, it is clear that for each n € N, there exists a function f € .#, such
that f(z) =0 and f(z,) =1, so that d#(d,d,,) = 1. As a result, the sequence does not
converge in the metric topology.

On the real line, the usual weak topology is characterized by the following property.

Proposition A.4.11. Let uy, pio, - .., and p be Borel probability measures on the real line
with the underlying cumulative distribution functions Fy, Fy,... and F, that is, F,(a) =
fin((—00,a]) and F(a) = p((—o0,a]). Then the sequence i, pia, . .. converges to p in the
usual weak topology if and only if the values Fy(c), F5(c), ... converge to F(a) for each c
where F' is continuous, i. e., where u({c}) = 0.

PROOF. Suppose first that the measures weakly converge. Similarly as in the proof of
Proposition A.2.9, for any a < b, define

1 rr<a
h—
fap(z) = Z ia<a<h
b—a
0 ;x>0

Observe that f,u(z) = ;= fb 1(—co () dt, so that

a

b
Fun pt) = bia/ Ft)dt.

Now take a point ¢ where F' is continuous and take ¢ > 0. There exists 6 > 0, such that
|F(z) — F(c)| < /2 for all x with |z — ¢| < §. Consequently,

€

() = 5 < (fesies 1) S FUO) < (ferss 1) < Fle) + 5

Since the measures weakly converge, there exists ng, such that ’( feetss tn)—fectss ,u)’ <
£/2 and }(fc_(;,c, fn) — (feesic ,u)‘ < ¢/2 for all n > ng. Now estimate

Fn(c) - F(C) < <fc,c+5a ﬂn) - <fc,c+57 :u> + g <e€

and

F(€) = Fale) < {fomser i)+ 5 = (femser ) < 2

This proves that the sequence Fi(c), Fa(c), ... converges to F(c).

Now we turn to the converse: suppose that the values Fj(c), Fy(c), ... converge to F(c)
for each ¢ where F is continuous. Equivalently, the sequence fi1(1(—oo,q), H2(1(=c0,])s - - -
converges to f1(1(_oq). Consequently, for any function of the form

m

g =ap—+ Z Qg 1(—oo,ck] )
k=1
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where F' is continuous at all points ¢y, ..., ¢, and where ag,aq,...,a,, are any real num-
bers, the sequence (g, p1),(g, fa),... converges to (g, u).

Now take a continuous function f: R — R with |f(z)] < B for all x € R. Wa can
assume that B > 0. Take € > 0. Recalling that continuity points of F' are everywhere
dense, observe that there exist points a < b, where F' is continuous and are such that
p(—o0,a]) <e/(15B) and p([b, 00)) < ¢/(15B). Next, there exists ng, such that |F,(a) —
F(a)| < ¢/(15B) and |F,(b) — F(b)| < ¢/(15B) for all n > ny. As a result, we have
ftn(—00, a]) < 2¢/(15B) and pu, ((b,00)) < 2¢/(15B).

Since f is uniformly continuous on [a, b], there exists 6 > 0, such that |f(x)— f(y)| < /15
for all z,y with |z —y| < §. Next, there exist points a = ¢cg < ¢; < -+ < ¢, = b, such that

cp —cp_1 <0 forall k=1,2,...,m and f is continuous at all ¢;. Consider the function
fla) 12<a
flea) s aa<xz<cy
o) =4

flem=1) 5 Cma <z <cpo
flem) s x>c¢pmot.

Observe that |g(z) — f(z)] < /15 for all @ < z < b and |g(z) — f(x)| < 2B for all other
x. Therefore,

\<f,u>—<g,u>\s/ ]\g—fldwr/(ab]\g—f!dwr/(boo)lg—fldu

(—o0,a
€ € € He
2B— 4+ —4+2B —— = —
< 15B + 15 + 15B 15

and similarly,

\(f,un>—<g,un>\§/ 1rg—f!duﬁ/(b]\g—ﬂcm+/(b o=l

(—o0,a
<23£—€B+%+2Bé—;=?—g
for all n > ny. Finally, since
m—1
9= _(fler) = ferr1)) Lcooen +S(Cm)
k=1

the sequence (g, p1), (g, p2),... converges to (g, p). Therefore, there exists n; > no,
such that |(g, ) — (g, p)| < /15 for all n > ny and we have

[ ) = (s )| < ) = (g5 )|+ (g5 in) = (g5 )] + [{g, ) = (f, )| < e,

so that the sequence (f, 1), (f, u2),... indeed converges to (f, p). ]
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A.5 Change of class of test functions

We often consider different classes of test functions. In view of this, it is useful to compare
the underlying metric and weak topologies. In this section, we shall consider three im-
portant relationships between the classes: inclusion, linear combinations and limits. The
first case is immediate and is therefore stated without proof.

Proposition A.5.1. Let ¥ and ¢ be classes of test functions with % C ¢. Assume
that (|g|, p) < oo for allp € A and g€ 9.

(1) Let dz and dgy be defined as in (A.1.1). If dz is a metric on M, so is dy and we
have dz < dy. Thus, the metric dz is uniformly weaker than dg.

(2) The weak topology with respect to % is weaker than the weak topology with respect
to 9.

]

Proposition A.5.2. Let % be a class of test functions. Assume that {|f|, p) < oo for
adlpe # and f € F.

(1) 1If
9:{040+Z@ifi;fi€gg,Z’%’SL”EN}» (A.5.1)
i=1 i=1

then the metric with respect to F agrees with the one with respect to Z .

(2) The weak topology with respect to F agrees with the weak topology with respect to
span({1} U .%).

Corollary A.5.3. If F C 4 C .F, the metric with respect to G agrees with the metric
with respect to % . Similarly, if % C 9 C span({l} Uu.z ), the weak topology with respect
to & coincides with the weak topology with respect to % . In particular, the weak topology
with respect to F coincides with the weak topology with respect to F . 0

PRrooF oF PROPOSITION A.5.2.

(1): Denote the underlying metrics by ds and dz and take any probability measures
p,v € M. Clearly, dz(p,v) < dgz(p,v). However, we also have (fov) = (f, ] <
dz(p,v) for all f € .7, so that dz(u,v) < dz(p,v).

(2): 1t suffices to prove that the weak topology with respect to span({l} U.z ) is weaker
than the weak topology with respect to .%#. In order to prove the latter, it suffice to
prove that the set G(f,U) defined as in (A.4.1) is open in the weak topology with respect
to F for each f € span({l} U .#) and each open set U C R. Take arbitrary f =
ap + Yy a;ifi € span({1} U.Z7), where f; € Z, and arbitrary p € G(f,U), that is,
(f, ) =a0+ > a;{f;, py € U. Since the map (yi,...Yn) — Y., @;y; is continuous,
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there exist open sets U; C R, such that (f;, p) € U; and a9 + >, oyy; € U for all
y; € U;. Therefore, p € i, G(fi,U;) € G(f,U), implying that G(f,U) is indeed open
in the weak topology with respect to .%#. This completes the proof. O

Proposition A.5.4. Let .7 and 9 be classes of measurable test functions on (S,.7).
Assume that (| f|, p) < oo for allp € A and f € FUY.

(1) Let dz and dy denote the metrics with respect to F and 9, respectively, by (A.1.1).
If for each f € F, there ewists a sequence of test functions f, € &, such that
iy, oo (frn, 1) = (f, p) for all pw € A, then dg < dgy.

(2) If for each f € F and each p € M, there exist sequences of functions [, f~ €94,

such that f; < f < f¥ and lim, oo (f,7, p) = lim, oo (f,,, u) = (f, p), then the
weak topology on A with respect to G is stronger than the one with respect to 7 .

Corollary A.5.5. Under the assumptions of the preceding lemma along with the as-
sumption that 4 C %, the metrics as well as the weak topologies based on F and ¢
agree. 0

Remarks.

(1) The conditions of part (1) are fulfilled if the sequence f,, converges to f pointwise
and is either monotone or uniformly bounded.

(2) The conditions of part (2) are fulfilled if the sequences f; and f, pointwise converge
to f and one of the following two conditions is fulfilled: either both sequences are
uniformly bounded or f; is monotonically decreasing, while f is monotonically
increasing.

PRrRoOF OoF PROPOSITION A.5.4.
(1): Immediate.

(2): For all p € A, f € . and € > 0, it suffices to construct a neighbourhood of u in
the weak topology with respect to ¢, which is contained in the set N(y; f;¢) defined as
in (A.4.2). Taking € > 0 and appropriate sequences f;" and f,, there exists n, such that

(f, f5)y —¢e/2<(f,pn) <(f,,pn +e/2. Define

UVi={ved i (fr - i< (fo=Urm<3).  (A52)
Clearly, u € U and U is ¥4-weakly open. Moreover,
(fovy<(fovy=U0 vy = (fa o m+ (0w <{f,m+e (A.5.3)
and
<f,l/>2<fn_,l/>:<fn_,l/>—<fn_,,u>—|—<fn_,[lj>><f,,u>—€ (A54)

for all v € U. Therefore, U C N(u; f;¢) and the proof is complete. O
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As a simple example, consider the following characterization of the total variation metric.

Proposition A.5.6. We have

drv(pv)y = sup  [(f, vy = {f, W] (A.5.5)

f is measurable
0<f<1
Remark A.5.7. For the total variation metric, some authors take the following one
instead:

d(:ua V) = sup ‘<f7 V> - <f7 M)‘ =2 dTV(:ua V)‘ (A56)

f is measurable
—1<f<1
PROOF OF PROPOSITION A.5.6. By part (1) of Proposition A.5.2, the class of indicators
can be replaced by the class of all measurable step functions from S to [0,1]. This is
because each measurable [0, 1]-valued step function can be represented as

Yo 3 x € Hy

vy o x € M
flx)=4q " .

Yn ;T E€H,,

where 0 =yg < y; < --- <y, <1 and where Hy, Hy, ... are disjoint measurable sets, and
this can be further expressed as

=yl +(2 —y) Layom + -+ (Un — Yn1) La,0m0--0H,

noting that Zzzl(yk —Yp-1) = Yo < 1.

For each measurable [0, 1]-valued function, there exists a monotone sequence of measur-
able [0, 1]-valued step functions converging pointwise to it. Therefore, by part (1) of
Proposition A.5.4, the class of all measurable [0, 1]-valued step functions can be further
replaced by the class of all measurable functions from S to [0,1]. This completes the
proof. ]

Corollary A.5.8. The topology induced by the total variation metric is stronger than the
usual weak topology.

Corollary A.5.9. If S is a bounded metric space, then the total variation metric on
Pr(S,.) is stronger than the Wasserstein metric. More precisely, if D is the diameter
of S, we have dw(u,v) < D dpy(u,v). O

Proposition A.5.10. Let .7 be a class of test functions on (S,.%), such that {|f|, p) <
oo for all p € A . In addition, suppose that at least one of the following two conditions
is fulfilled:

(1) For each open set G C S, there exists a sequence of functions f, € F, f, < 1g,

which 1s uniformly bounded from below and converges pointwise to 1.

(2) For each closed set F' C S, there exists a sequence of functions f, € F, f, > 1p,
which 1s uniformly bounded from above and converges pointwise to 1p.
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Then the weak topology with respect to F is stronger than the usual weak topology on A .

PROOF. First observe that, by part (2) of Proposition A.5.2, we may assume without
loss of generality that .# is a vector space and that it contains all constants. Under this
assumption, 1 — f € .Z for all f € .#, so that conditions (1) and (2) are equivalent. We
may assume that both are fulfilled.

We shall use part (2) of Proposition A.5.4: for each bounded and continuous f: S — R
and each p € ., we shall construct sequences of functions fF, f~ € %, such that
[ < f < fiandlim, oo (f;, p) =lim, oo (f,,, u) = (f, u). Without loss of generality,

we can assume that f is [0, 1]-valued. For any ¢ € R, let:
F,={x; f(x) > t}, Gy :={z; f(z) >t} (A.5.7)

One can easily check that

3
,_.

\h
SIH

n—1
1 1 Z 1
k=0

1

i

for all n € N. From assumption (1) and the dominated convergence theorem, it follows
that there exist functions f,1,..., f,,_1 € #, such that f - < 1g,  and (fnk, py >
p(Grjm)—1/n for all k. Similarly, from assumption ( ), it follows that there exist functions
wor- s funey € F, such that fr > 1p and (ff,, @) < p(Fy) + 1/n for all k. Put

n—1 n—1
=>"fh =Y e (A.5.9)
k=0 k=1
Clearly, f, < f < f+. A short calculation shows that
2 2
(fom) =~ < (favm < {fom < (0 m < (Fom+ -, (A.5.10)

so that the sequences f, and f,I satisfy the necessary conditions and the proof is complete.

]

Corollary A.5.11. If S is endowed with a metric d, then the topology induced by the
Wasserstein metric is stronger than the usual weak topology.

Proor. First, by Proposition A.4.3, the topology induced by the Wasserstein metric is
stronger than the weak topology with respect to the class of functions f with M;(f) < 1.
By part (2) of Proposition A.5.2, the latter coincides with the topology with respect to
the class of all Lipschitz functions. Now observe that the latter class fulfills condition (2)
of Proposition A.5.10: for a closed set F', the latter is satisfied with

fal@) = (1= nd(z, F)) (A5.11)

(under the convention that d(z,()) = oco). This completes the proof. O
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Corollary A.5.12. The topology on Pr(R, %(R)) induced by the Kolmogorov metric is
stronger than the usual weak topology.

PROOF. Again, by Proposition A.4.3, the topology induced by the Kolmogorov metric
is stronger than the weak topology with respect to the class of indicators of all closed
half-lines. By part (2) of Proposition A.5.2; the latter coincides with the topology with
respect to the class of all linear combinations of indicators of closed half-lines. Now we
show that this class fulfills condition (1) of Proposition A.5.10. To see this, observe that
each open set G on the real line is a countably infinite union of disjoint intervals of form

(u,v]. Thus, we may write
Lo = Liw -
k=1

As the underlying partial sums are linear combinations of indicators of closed half-lines
and are smaller than 14, condition (1) is indeed satisfied. This completes the proof. [



Appendix B

Some real analysis

B.1 Differentiation of absolutely continuous
functions

Throughout this section, let I denote an interval on the real line.

The classical fundamental theorem of calculus says that a continuously differentiable func-
tion f: I — R satisfies

b
F0) = fla) = [ 7)da (B.L1)
for all a,b € I. This is also true for many functions which are only almost everywhere
differentiable, i. e., f(z) = |z|.

Definition B.1.1. A measurable function f': T — R is an almost-everywhere derivative
of a function f: I — R if the set of points in I where f’ is not the derivative of f has
Lebesgue measure zero.

However, if f’is an almost-everywhere derivative of f, the fundamental theorem of calculus
(B.1.1) need not be true. A prominent counter-example is the Cantor-Lebesgue function
— see Theorem 5.1.2 of Heil [20].

The Cantor-Lebesgue function is continuous, but its continuity is not ‘nice’ enough. It
turns out that the validity of (B.1.1) is equivalent to a stronger form of continuity.

Definition B.1.2. A function f: [a,b] — R is absolutely continuous if for each £ > 0,
there exists 0 > 0, such that for any (finite or infinite) family of non-overlapping intervals

lag, br] C [a,b] with ), (by — ai) < d, we have Zk|f(bk) - f(ak)| < Ee.

Remark B.1.3. A restriction of an absolutely continuous function to a subinterval is
also absolutely continuous.

Definition B.1.4. A function f: I — R is absolutely continuous if all restrictions to f
to closed subintervals of I are absolutely continuous.

Example B.1.5. Every Lipschitz function f: I — R is absolutely continuous.

75
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The following result states that absolute continuity is sufficient and necessary for the
fundamental theorem of calculus to hold. For the proof, the reader is referred to Heil [20],
Theorem 6.4.2.

Definition B.1.6. A function f: I — R is locally Lebesque integrable if all restrictions
of f to closed subintervals of I are Lebesgue integrable. The space of all locally Lebesgue
integrable functions on I will be denoted by Li .(1).

Theorem B.1.7. A function f: I — R is absolutely continuous if and only if it is
differentiable almost everywhere on I and some/any almost-everywhere derivative ' of f
is in Ll (I) (with respect to the Lebesque measure) and satisfies (B.1.1) for all a,b € I; of
course, the integral in the right hand side of (B.1.1) is interpreted as the Lebesgue integral
over the underlying interval or its negative value if a > b.

Convention B.1.8. In the context of absolutely continuous functions f, f’ will denote
an almost-everywhere derivative of f unless specified otherwise.

In particular, all bounded measurable functions on I are in Li..(I). For a function f: I —
R, define

| esssup,e;|f/(z)] ; fis absolutely continuous
Mi(f) = { 00 : otherwise (B.1.2)

(clearly, the definition is independent of the version of f’). Next, for r = 2,3,4, ..., define

M (f=) ; fis (r — 1)-times continuously differentiable on I
o0 ; otherwise.

M.(f):= { (B.1.3)

Proposition B.1.9. For any function f: I — R, we have

Ml(f) = sup ’f(l’) _ f(y)‘ )

THY |$ - y|

SKETCH OF PROOF. Denote L(f) := sup#yw. First, we show that M;(f) <
L(f). Without loss of generality, we may assume that L(f) < oo. In this case, f is
Lipschitz and therefore absolutely continuous. By Theorem B.1.7, there exists a function
f’, such that f’(z) is the classical derivative of f at x for Lebesgue-almost all = € I.
However, for such z, we have |f'(x)| < L(f). Therefore, |f'(x)] < L(f) for Lebesgue-

almost all z. As a result, M;(f) < L(f).

Now we prove that L(f) < M;(f). Similarly as before, we may assume that M;(f) <
oo. Therefore, f is absolutely continuous. By Theorem B.1.7, we have |f(b) — f(a)| =

|fab f(x)dz| < |b— alesssup,e;|f'(z)| = |b— a| Mi(f). Dividing by [b — a| and taking
supremum over a and b, we find that L(f) < M;(f), completing the proof. ]

B.2 Functions with bounded variation

Like in the previous section, I will denote an interval on the real line throughout this
section.
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Definition B.2.1. The total variation of a function f: I — R is defined as
V(f):=sup Z|f($z) - f(wi—l)} )
i=1

where the supremum runs over all possible finite sequences o < 21 < 25 < --- < 7,
of points in I. The function f can be initially defined on a larger set than I. In this
case, denote by V(f; I) the total variation of the restriction of f to I, which will be also
referred as the total variation of f on I.

A function f has bounded variation on I if its total variation on [ is finite.

Remark B.2.2. Each function with bounded variation is bounded.

The proof of the following assertion is left to the reader as an exercise.

Proposition B.2.3. If f: I — R is monotone increasing or monotone decreasing, then

V(f) =sup f —inf f.

Moreover, let ay,as, ... be a sequence of points in I chosen as follows: let a be the lower
and b the upper endpoint of I. If a € I, let a,, = a for all n. Otherwise, let a, converge
to a. Similarly, choose a sequence by, bs, ..., replacing a with b. Then we have

V(f) = lim |f(bn) - f(an)‘ :

n—oo

]

Theorem B.2.4 (Jordan decomposition theorem). For each function f: I — R with
bounded variation, there exist monotone increasing functions g and h, such that f = g—h.
Moreover, g and h can be chosen so that V(f) = V(g) + V(h) and that g and h are
left /right-continuous in all points where so is f.

SKETCH OF PROOF. The existence of g and h is proved in Wheeden and Zygmund [34]
for the case I = [a,b], where —0o < a < b < oco: see Theorem 2.7 ibidem. From the
construction of g and h, one can see that V(f) = V(g) + V(h) and that ¢ and h are
left /right-continuous in all points where so is f (exercise). The extension to the general
case is also left to the reader as an exercise. ]

Corollary B.2.5. Each function with bounded variation is Borel measurable.

SKETCH OF PROOF. Observe first that each monotone increasing function has at most
countably many discontinuities (see Theorem 2.8 of Wheeden and Zygmund [34]) and is
therefore Borel measurable (exercise). The result now follows from the Jordan decompo-
sition theorem. OJ

The following result if proved in Wheeden and Zygmund [34] — see Theorem 7.31 ibidem.

Proposition B.2.6. If f: I — R is absolutely continuous, then V(f;I) = [,|f'(x)|dz.
[
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Proposition B.2.7.

(1) For any two functions g and h: I — R, we have V(g + h) <V (g) + V(h).

(2) Consider a measurable space (S,S), a signed measure k on S and a measurable
function F': I xS — R, such that the function y > F(:v y) is an element of L'(|k|)
for all x € 1. Letting f,(x) :== F(z,y) and f(z) = [, F( k(dy), we have

wnséV@wm@» (B2.1)

3) If all functions f, are monotone increasing and K 1s a positive measure, then (B.2.1
y
holds with equality.

Proor. It suffices to prove the second part. Taking xg < x; < --- < x,,, observe that

n

Z‘f($z) - f(fﬂiq)’ = Z

/Z‘F i, y) — F(ri_1,y ||/-£| dy)
vamwww.

/S(F(xu y) — F(%‘ﬂ,y)) k(dy)

Taking the supremum, we obtain (B.2.1). Finally, if the functions =z — F(z,y) are
monotone increasing and « is a positive measure, take sequences a,, and b,, as in Proposi-
tion B.2.3, where, in addition, a,, is monotone decreasing and b,, is monotone increasing.
Now observe that

V(f) = lim (f(ba) — f(an))

= limy [ (F(bu,y) = Flan ) r(dy)
:AJLIQO(F(bn,y)—F(an,y))”(dy)

= [ Vi) s

by the monotone convergence theorem. This completes the proof. O]

B.3 The Riemann—Stieltjes integral

The results in this section are mostly just listed. For the proofs, the reader is referred to
Chapter 2 and partly Chapter 7 of Wheeden and Zygmund [34], where the results may
not be proved in the whole generality. However, the extension is not difficult and is left
to the reader as an exercise.
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Definition B.3.1. Let —0o < a < b < oo. Take functions f,g: [a,b] — R. The
Riemann—Stieltjes integral of f with respect to ¢ is the limit of the Riemann—Stieltjes
sums

> F(&) (@ — ko)

where a = 29 < & <2y < &E < - < xp g <& <z, = b. More precisely, a number
J € R is the Riemann-Stieltjes integral of f with respect to g if for each € > 0, there
exists 0 > 0, such that

<€

Zf(fk-)(%k- — X)) — J

for all xg,...,x, and &,...,&, being as above and such that x;, — xx_1; < ¢ for all

k=1,2,...,n. Write
b
J:/ fdg.

The function f is called integrand, while the function ¢ is called integrator.

Remark B.3.2. The Riemann-Stieltjes integral does not always exist. However, if it
exists, it is unique.

Definition B.3.3. An improper Riemann—Stieltjes integral of f with respect to g is
a limit of Riemann-Stieltjes integrals in the sense of Definition B.3.1 as one or both
endpoints approach their limits — the left endpoint from the right and the right endpoint
from the left. Thus, the integral can be improper at one or both endpoints. When the
integral is improper at both endpoints, the limit of the integral must exist and be the
same regardless how the endpoints approach their limits.

Denoting the limits of the endpoints by a and b (which can also be infinite), we also
denote the underlying improper integral by fab fdg, that is,

b b v b
/fdg:lim/ fdg, lim fdg or lim fdg.
a ala 1o J, a'la J
b'1h
Remark B.3.4. When an endpoint is infinite, it is clear that the integral should be
improper at that endpoint. However, when the endpoint is finite, we need to be careful as

the proper and the underlying improper integral can both exist, but they can be different.

Unless specified otherwise, we the Riemann—Stieltjes integral will be consider proper at a

certain endpoint if that endpoint is finite and both the integrand and the integrator are
defined there.

Proposition B.3.5 ([34], Theorem 2.16). The following is true for proper as well as
improper Lebesque—Stieltjes integrals, provided that all improper integrals in the same
formula are considered in the same sense (e. g., all improper at the left endpoint):

(1) Ifce R and fabfdg exists, so do fab(cf) dg and fabfd(cg) and we have

/ab(cf)dgz/abfd(cg)=c/abfdg-
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(2) If f; fidg and f; fadg exist, so does f;(fl + f2) dg and we have

/ab(f1+fz)dg=/abflngr/abfzdg-

(3) If fffdgl and fabfdgg exist, so does f;fd(fh + g2) and we have
b b b
[ rdera= [ sdn [ rag.
[

Proposition B.3.6 ([34], Theorem 2.21). If the proper integral fabfdg exists, then so
b
does [ gdf and we have

/ fdg = F(b)g(b) — f(a) gla) - / gdyf.

For improper integrals, the statement remains true with f(a) g(a) and/or f(b) g(b) replaced

by the corresponding limits, which are assumed to exist. Thus, if the integral fab fdg exists
in the improper sense at the right endpoint and limyq, f(b') g(b') exists, then the integral

ffgdf also exists in the improper sense at the right endpoint and we have

b b
| 10 =tm 1) 9) - r@ste) = [ gar.

]

Proposition B.3.7 ([34], Chapter 2, Exercise 16). The Riemann-Stieltjes integral
f:fdg exists if [ is continuous and g is of bounded variation on [a,b]. O

Proposition B.3.8. If f has bounded variation and g is absolutely continuous on [a, ],
then

/abfdg _ /abf(x) g(x)dz (B.3.1)

Replacing the closed interval [a, b] with an open or half-open one (in this case, the endpoint
which is not included can be infinite), the result remains true in the improper sense: if
f has bounded total variation on all closed subintervals, g is absolutely continuous and
the right hand side exists as an improper integral, so does the left hand side and they
agree. 0

Proor. We shall only prove the result for closed intervals; the extension to open and
semi-open intervals is left to the reader as an exercise.

First, we show that both sides of (B.3.1) exist. The right hand side exists because f is
bounded (Remark B.2.2) and ¢’ € L'([a, b]) (Theorem B.1.7). Next, since g is continuous

and f has bounded variation, fab gdf exists by Proposition B.3.7. The integral fab fdg
then exists by Proposition B.3.6.
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To prove that both sides in (B.3.8) agree, take an array of points a = 2 < 2{” < ... <

2 = b, n €N, such that lim, .o maxi<g<n(Tr — Tx_1) = 0, €. g., x,(g") =a+E(b-a).

Write )
/f@ﬂ@wz&+&,

where

n

f@d/%sﬂ@dxz F (o) (9(e2) — glan)

1 Tl—1 k=1

>
i
\gE

k

Sl

b

/%LMﬂ—ﬂuDd@Nwz/éﬂwd@Nw

=1 Thk—1 a

o
3
1

and 0,(x) = f(z) — f(zx) for zp—1 < z < z; and d,(a) := 0. Clearly, lim, , 4, =
fab fdg. Next, since f has bounded total variation, it has at most countably many dis-
continuities. However, if f is continuous at z, we have lim,,_,, d,,(z) = 0. Thus, the latter
holds for almost all z € [a,b]. Since f is bounded and ¢’ € L'([a, b]), we can apply the
dominated convergence theorem to deduce that lim,, .., B, = 0, completing the proof. [J

B.4 Signed measures

Definition B.4.1. A signed measure on a measurable space (5,.7) is a function p: & —
R, such that for any sequence Ay, A,, ... of pairwise disjoint sets, we have

”(,Q Ak> - g} u(Ay) . (B.4.1)

Remark B.4.2. Here, we only deal with finite signed measures. In general, it is also
possible to consider signed measures with possible infinite values.

Remark B.4.3. As the sum in the right hand side of (B.4.1) is independent of the order
of the summands, the series must converge absolutely.

Definition B.4.4. The positive and negative part of a signed measure p are set functions

pt and p~ defined by

pt(A) :=sup{u(B); BC A, Be .}, p(A) :=sup{—u(B); BC A, Be .v}.
(B.4.2)

The following result can be deduced from Corollary 4.1.6, Proposition 4.1.7 and Exercise 6
of Section 4.1 in Cohn [13]:

Proposition B.4.5. The functions u* and p~ defined as above are finite positive mea-
sures and we have p = put — p~. [

The representation p = pu™ — p~ is called the Jordan decomposition of p.
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Definition B.4.6. The variation of a signed measure p defined on (S,.7) is the positive
measure |u| ;= p™ 4+ p~. The total variation of the u is defined as ||p|| := |p[(S).

Definition B.4.7. For a function f € L!(|u|), define the Lebesque integral of f with

respect to p as
[ran= [ raw - [ e,

where = p*™ — pu~ is called the Jordan decomposition of .

[ aul < [ 1r1dil

Definition B.4.9. Let g: R — R be a right-continuous function with bounded variation.
The Lebesgue—Stieltjes measure associated to g is the signed measure A, determined by

Ag((a,b]) = g(b) — g(a) (B.4.3)

Remark B.4.8. We have

for all a <b.

Remark B.4.10. By Dynkin’s 7=\ theorem (see, e. g., Theorem 1.6.2 of Cohn [13]),
(B.4.3) determines A, uniquely.

Proposition B.4.11. Let g be a right-continuous function g with bounded variation.

(1) The Lebesgue-Stieltjes measure A, exists and we have ||Ay|| =V (g).

(2) For a <b and a continuous function f: [a,b] — R, the Riemann—Stieltjes integral
f:fdg exists and we have

fdAg:/abfdg.

(a,b]

Proor. By Theorem B.2.4, we may write ¢ = h — k, where g and h are monotone
increasing functions which are left /right-continuous at each point where so is f. Moreover,
V(g) = V(h)+V (k). Thus, h and k are right-continuous. By Theorem 11.10 of Wheeden
and Zygmund [34], there exist Lebesgue—Stieltjes measures A, and Ay, which are finite
positive measures. From (B.4.3) and Dynkin’s 7-\ theorem, it follows that A, = Ay — Ay.

By Proposition B.2.3, we have V(h) = lim, o h(n) — h(—n) = lim,_,o Ap((—n,n]) =
Ap(R) and similarly V (k) = Ax(R). For each Borel set B C R, we have Ay(B) < Ay(B)
and —A,(B) < Ai(B). Taking the supremum over B and recalling (B.4.2), we obtain
AF(R) < Ap(R) = V(h) and A;(R) < Ax(R) = V(k). Therefore, [|A,] = AF(R) +
A (R) <V(h)+V(k)=V(g).

For each ¢ > 0, there exists a sequence zo < 1 < --- < x,, such that Zk 1‘9 (g

) —
(xk D > Vi )—5 Now observe that Y __ [Ag((z)- 1;%)‘ < Sho|AF (mk 1, Tx)) —
(l“k 1, Tk )‘ < Zk 1(A+((33k 1>$k])+/\ ((l"k 1,931:])) A+<(930>33n]) (930751371)
A+(R) + A (R) = [|[Ag]|. Therefore, ||[Ay|| > V(g) — ¢ foralle > 0. As a result we have
HAgH > V(g). Combining with the preceding paragraph, we find that |Ay|| = V(g),
proving part (1)
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By Proposition B.3.7, the Riemann-Stieltjes integrals [ fdh and [ fdk both exist. By
Proposition B.3.5, so does [ f dg and we have [ fdg = [ fdh— [ fdk. By Theorem 11.11

of Wheeden and Zygmund [34], we have [, fdAy = [} fdhand [, fdA, = [} fdk.
Since A, = Ay, — Ay, we conclude that f(a o f AN = fab f dg, proving part (2). O



Appendix C

On the Mills ratio

C.1 Basic properties

Definition C.1.1. Let ¢ denote the standard Gaussian density on R, that is,
1 1,2
w) = e 2¥ C.1.1
o) = (1)

and let ® denote its cumulative distribution function:

O(w) = /w o(z)de. (C.1.2)

The Mills ratio is the ratio between these two functions as follows:

P(w) = ——2 = ez’ /w e 3 dx . (C.1.3)

Remark C.1.2. In the literature, the Mills ratio is often defined slightly differently, as
the function w — ¢ (—w) (in our notation). The benefit of that definition is that it gives
a ‘tame’ function for positive w. However, Definition (C.1.3) also has its benefits.

The Mills ratio is important because it can serve to express solutions to the Stein equation.
As one can easily check, the Mills ratio solves the equation

P (w) =wp(w) + 1, (C.1.4)

which is a version of the Stein equation (3.2.1). Repeated differentiation gives further
derivatives, some of which are listed below:

P w) = (0 + 1) () + 0, (C.L5)
V" (w) = (W + 3w) P(w) + w* + 2, (C.1.6)
PP (w) = (w* + 6w? + 3) Y(w) + w’ + dw . (C.1.7)

The derivatives of the Mills ratio also satisfy a recurrent formula as stated below:

84
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Proposition C.1.3. For allr € N and all w € R, we have
B (w) = it (w) + 7 D (w). (C.18)

PrOOF. For r = 1, the identity is immediate from (C.1.4) and (C.1.5). The induction
step from 7 to r + 1 can be performed by differentiating (C.1.8), leading to

VI (w) = w D (w) + (r+ 1) 0 (w) (C.1.9)

which is exactly (C.1.8) with » + 1 in place of r. O
Corollary C.1.4. The r-th derivative of the Mills ratio can be expressed as

P (w) = Po(w) ¢ (w) + Qp(w),
where P, is a polynomial of degree v and Q, is a polynomial of degree r — 1. O

Proposition C.1.5. The Mills ratio and all its derivatives are strictly positive functions,
i. e., P (w) >0 for allT =0,1,2,... and all w € R.

PROOF. Introducing a new variable ¢ := w — z into the integral in (C.1.3), we obtain

N A
0 0

Repeated differentiation under the integral sign gives
P (w) = / tre =3 dt > 0 (C.1.10)
0

(one can easily check that this works because all these integrals converge uniformly and
absolutely). O

Combining (C.1.4) and (C.1.5) with Proposition C.1.5 (which, among others, implies that
1 is strictly increasing), we obtain the following upper and lower bound on 1 for negative
arguments: for all w > 0, we have

i 1
wzu—)i—l < Y(—w) <m1n{\/§, E} .

Moreover, derivatives of 1 can be bounded similarly.

Proposition C.1.6. For all r € Ny and all w > 0, we have

rl
wr+1 '

) (—w) < (C.1.11)

ProoF. From (C.1.10), we obtain

o) 1 00 |
z/ﬂ’”)(—w):/ R dt</ pre—to qp — (C.1.12)
0 0

w1l )

completing the proof. O
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C.2 Repeated integrals of the Gaussian density

There is a strong relationship between the derivatives of the Mills ratio and the repeated
integrals of the standard Gaussian density ¢. Inductively, define

Op(w) := d(w), D, 1 (w) = /w . (z)dx. (C.2.1)

Proposition C.2.1. The functions ®, are all well defined (i. e., all integrals in (C.2.1)
converge and we have

Dy 41(w) = — d(w) ) (w) (C.2:2)
for all r € Ny.
PRrOOF. For r =0, (C.2.2) is immediate from the definition of the Mills ratio. Now make
the induction step from r — 1 to r. Thus, assume that

1
(r—1)!

@, (1) = H(w) BV (w) (€.23)
First, it follows from (C.1.12) that the function @, is integrable on all intervals (—oo, w]
and that (C.2.2) holds in the limit as w — —oo. Therefore, it suffices to prove the
derivative of (C.2.2). By the induction hypothesis (C.2.3), we have

% 1 (w) — %Mw) W)(w)} = P, (w) - %cb’(w) YO (w) — %gb(w) Y+ ()
= % (w) [Pt (w) + w e (w) — P (w)]

(C.2.4)

However, by the recurrent formula (C.1.8), the preceding expression equals zero. This
completes the proof. O
Corollary C.2.2. For each r € N, there exists C,., such that

2

o (—w) < C, ez

for all w > 0.
PROOF. By (C.2.2) and since ¥ is increasing by Proposition C.1.5, we can estimate
D0 = b $(w) Y (—w) < iy ¢w) YO I(0) = LD i, =
Proposition C.2.3. For all r € Ny and all w € R, we have

B, (—w) B (1) + By (w) Y1) (—w) = 1. (C.2.5)

PRrROOF. For r =0, (C.2.5) reduces to the obvious identity ®(w)+®(—w) = 1. For r € N,
we apply Proposition C.2.1, which reduces (C.2.5) to

Jp(w) = o(w) [0V (=w) ¥ () + D) ¢ (—w)| = (=1L (C.26)
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and use induction over r. For r =1, (C.1.4) implies

Jl (UJ)

Il
BSS

() [9(—w) ¥ (w) + Y(w) ' (—w)| =
() [9(=w) (w b (w) + 1) + ¥(w) (—wv(—w) +1)| = (C2.7)
() ($(—w) +(w)) =

I
=S o

Now perform the induction step from r to r 4+ 1. This time, application of the recurrent
formula (C.1.8) (instead of (C.1.4)) gives

Jraa(w) = 6(w) [60(=w) $ D (w) + 90 (w) ) (—w) | =
= 9(w) [ (—w) (w D (w) + 7 ¥V (w)) +

+ 0 (w) (—w ) (—w) + 7 w(r—l)(_w))] _ (C.2.8)

This completes the proof. n
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