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k-ordered (Hamiltonian)
G : graph

Hamiltonian cycle in G
< Acycle containing all of the vertices in G

(G . k-ordered (Hamiltonian)
& For Yuq, g, ... 0, € V(G),
3 (Hamiltonian) cycle
containing all of them in this order

“k-ordered” + **Hamiltonian” |
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3-ordered Hamiltonian

3-ordered = 3-cyclable
(any 3 vertices are contained In a cycle)

Such a graph is characterized by Dirac 52
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(any 3 vertices are contained In a cycle)

Such a graph is characterized by Dirac 52

Proposition

G : Hamiltonian < G : 3-ordered Hamiltonian
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3-ordered Hamiltonian

3-ordered = 3-cyclable
(any 3 vertices are contained In a cycle)

Such a graph is characterized by Dirac 52

Proposition

G : Hamiltonian < G : 3-ordered Hamiltonian

[4-ordered (Hamiltonian) Is more interesting! ]
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4-ordered and 2-linked

2-linked
For Vul,ug,vhvg & V(G)
3Py, P, : disjoint paths
s.t. P, connects u; and v,

U1 UQ
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4-ordered and 2-linked

2-linked
For Vul,ug,vhvg & V(G)
3Py, P, : disjoint paths
s.t. P, connects u; and v,

U1 U9

| Proposition
GG : 4-ordered = G : 2-linked

7\

June 17th, 2015 Algorithmic Graph Theory on the
Adriatic Coast


http://maru.bonyari.jp/texclip/texclip.php?s=%24%5Cforall%24

4-ordered and 2-linked

— Theorem (Seymour, Shiloach, Thomassen )

G : 4-connected, ug,ug,vi,v0 € V(G)

= 4Py, B, : disjoint paths
s.t. P, connects u; and v;

2-linked

so that w1, u2, v1,v2 appears
In a face boundary

or G can be embedded into the plane
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4-ordered and 2-linked

— Theorem (Seymour, Shiloach, Thomassen )

(G : 4-connected,
= 4P, P, : disjoint paths

s.t. P, connects u; and v;
or (G can be embedded into t

V10— @-U4

Plane graph
U3 (%

o that w1, uz,v1,v2 ap

U1, Ug, V1, V2 € V(G)

2-linked

D€ars

N a face boundary in t

ne plane

NIS order.
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4-connected plane triangulation

| Theorem
GG . 4-connected plane triangulation
= (I) G : Hamiltonian (Whitney, 31)
(Il) G : 4-ordered (Goddard, 02)
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4-connected plane triangulation

1 Theorem

GG . 4-connected plane triangulation
= (I) G : Hamiltonian (Whitney, 31)
(Il) G : 4-ordered (Goddard, 02)

Sharpness of the assumptions

4-connected plane triangulation
(1) Best Improved Improved to planar graphs
7 Some examples | (mentioned later) (Tutte "56)
Best Best
(| |) Improved
(mentioned later)
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4-connected plane triangulation

1 Theorem

GG . 4-connected plane triangulation
= (I) G : Hamiltonian (Whitney, 31)
(Il) G : 4-ordered (Goddard, 02)

Sharpness of the assumptions

4-connected plane triangulation
(|) Best Improved Improved to planar graphs
7 Some examples | (mentioned later) (Tutte "56)
Best T Best
v
(I I) U1 2 (mentioned later)
v3 Vg
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4-connected plane triangulation

Theorem

GG . 4-connected plane triangulation
= (I) G : Hamiltonian (Whitney, 31)
(Il) G : 4-ordered (Goddard, 02)

Sharpness of the assumptions

4-connected plane triangulation
(|) Best Improved Improved to planar graphs
7 Some examples | (mentioned later) (Tutte "56)
Best Best V19— @U4
(1) | % vy IMproved z
1 (mentioned later) | | NOT Plane graph
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4-connected plane triangulation

Theorem

GG . 4-connected plane triangulation
= (I) G : Hamiltonian (Whitney, 31)
(Il) G : 4-ordered (Goddard, 02)

Sharpness of the acsiimntinne

4ol k-ordered” + “*Hamiltonian” |ation

Best Improved Improved to planar graphs
(1) pro p planar grap
7 Some examples | (mentioned later) (Tutte "56)
Best Best V10— @U4
(1) v, vy IMproved z
(mentioned later) | | NOT Plane graph
U3 U4 2-linked
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4-connected plane triangulation

Theorem

GG . 4-connected plane triangulation
= (I) G : Hamiltonian (Whitney, 31)
(Il) G : 4-ordered (Goddard, 02)

k-ordered” + **Hamiltonian”” |

Conjecture
(G . 4-connected plane triangulation

= @G : 4-ordered Hamiltonian
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4-connected plane triangulation

Theorem

(G . 5-connected plane triangulation
—> (G : 4-ordered Hamiltonian

k-ordered” + **Hamiltonian”” |

Conjecture
(G . 4-connected plane triangulation

= @G : 4-ordered Hamiltonian
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|dea for the proof

T . D-Tutte path

& For VB :component of G — V(T),

B has
and

June 17th, 2015
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<2

neighbors on T°

neighbors If B contains a vertex in D
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G : 4-conn.and [T] >4 proof
= T H-pathin G

T . D-Tutte path

& For VB :component of G — V(T),

B has
and
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G : 4-conn. and |7] > 4
= T H-pathin G

T . D-Tutte path

& For VB :component of G — V(T),

B has
and

< 3| neighbors on T°

< 2| neighbors If B contains a vertex in D

| Theorem (T

nomassen 83)

G : plane graph, D :outercycle z,y € V(C) e € E(C)

1 path from x to y through e

O(n?)-algorithm

—> J D-Tutte path from z to y through e
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|dea for the proof

C . 4-ordered cycle
Gl — G — O(/Ulj UB)
Vo D1 :a hole” on C(vy,v3)

7\
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€1 :anedge close” to vy
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|dea for the proof

C : 4-ordered cycle
Gy =G — C(vy,vs)
D1 :a " hole” on C(vy,vs3)
€1 :anedge close” to vy

Ty : D, -Tutte path vz =L v,
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|dea for the proof

C . 4-ordered cycle
Gy =G — C(vy,vs)
() D1 :a " hole” on C(vy,vs3)
U1 €1 :anedge close” to vy

Ty : D, -Tutte path vz =L v,

G2 — G —_ TI(USJ Ul)
D5 :a "hole” on 77 (vs, vy)

€2 :anedge close” to Vo
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|dea for the proof

C : 4-ordered cycle
Gy =G — C(vy,vs)
D1 :a " hole” on C(vy,vs3)
€1 :anedge close” to vy

Ty : D, -Tutte path vz =L v,

G2 — G —_ Tl('USjIUI)
D5 :a "hole” on 77 (vs, vy)

€2 :anedge close” to Vo

T, : D, -Tutte path vi —2 v3
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|dea for the proof

C : 4-ordered cycle
Gy =G — C(vq,v3)
D1 :a hole” on C(vy,v3)
€1 :anedge close” to v4

Ty : D, -Tutte path v3 =L v,

G2 — G —_ Tl('USjIUI)
D5 :a "hole” on 77 (vs, vy)

€2 :anedge close” to Vo

171 UT5 1s a Hamiltonian cycle

T> ¢ D -Tutte path vi —2 v3

If G 1s 5-connected.
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|dea for the proof

T . D-Tutte path

& For VB :component of G — V(T),

B has
and

<3

<2

neighbors on T°

neighbors If B contains a vertex in D

| Theorem (T

nomassen 83)

G : plane graph, D :outercycle z,y € V(C) e € E(C)

1 path from x to y through e

O(n?)-algorithm

—> J D-Tutte path from z to y through e
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C : 4-ordered cycle
Gy =G — C(vq,v3)
D1 :a hole” on C(vy,v3)
€1 :anedge close” to v4

Ty : D, -Tutte path v3 =L v,

G2 — G —_ Tl('USjIUI)
D5 :a "hole” on 77 (vs, vy)

€2 :anedge close” to Vo

171 UT5 1s a Hamiltonian cycle

T> ¢ D -Tutte path vi —2 v3

If G 1s 5-connected.
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ldea for the proof

—>

( Use Thomassen’s
algorithm twice

O(n*)-algorithm

%

U1

171 UT5 1s a Hamiltonian cycle

+ 4

Uy

U3

If G 1s 5-connected.
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C : 4-ordered cycle
Gy =G — C(vy,vs)
D1 :a " hole” on C(vy,vs3)
€1 :anedge close” to vy

Ty : D, -Tutte path v3 =L v,

GQ = G — jjl(’l)gj ’Ul)
D5 :a "hole” on 7i(vs,v)
€2 :anedge close” to Vo

T, : D, -Tutte path vi —2 v3
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4-connected plane triangulation

Theorem

(G . 5-connected plane triangulation
= G : 4-ordered Hamiltonian

k-ordered” + **Hamiltonian”” |

Conjecture
(G . 4-connected plane triangulation

= @G : 4-ordered Hamiltonian

June 17th, 2015 Algorithmic Graph Theory on the

Adriatic Coast
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4-connected plane triangulation

Theorem U2
(G . 4-connected plane triangulation Y1 @j K,
3
Uy

— G : K, -linked Vg
(Ellingham, Plummer & Yu, 12)
- U1 @
G : K, -linked
’04‘ U3

& Yy, va,v3,v4 € V(G)
3 subdivision of K, with “‘base” v1, V2, V3, V4
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4-connected plane triangulation

Theorem

(G . 4-connected plane triangulation
— G : K, -linked
(Ellingham, Plummer & Yu, 12)

G : K, -linked
p— V’Ul, Vo, Vg, V4 € V(G)
3 subdivision of K, with “‘base” v1, V2, V3, V4
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4-connected plane triangulation

Theorem

(G . 4-connected plane triangulation
— G : K, -linked
(Ellingham, Plummer & Yu, 12)

G : K, -linked
& Yoy, v,v3,04 € V(G)
1 subdivision of K, with “‘base” V1, V2, V3, V4
— Proposition
G :K, -linked = G : 4-ordered (< C,-linked)

= G : 2-linked (& 2K -linked)
7\
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4-connected plane triangulation

Theor( *k-ordered” + **Hamiltonian” | 2

G : 4-connected plane triangulation | Yt 2 K,
. 3

— G . K, -linked Y4

(Ellingham, Plummer & Yu, 12)

U9

U1

G : K, -linked
& Yoy, v,v3,04 € V(G)
1 subdivision of K, with “‘base” V1, V2, V3, V4
— Proposition
G :K, -linked = G : 4-ordered (< C,-linked)

= G : 2-linked (& 2K -linked)
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4-connected plane triangulation

k-ordered” + **Hamiltonian” |

Conjecture

(G . 4-connected plane triangulation
= v G :spanning K, -linked

v (G . spanning 2-linked

Theorem
(This conjecture is true for 5-conn. plane triangulation
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4-connected plane triangulation

k-ordered” + **Hamiltonian” | 2
: U1 K,
- Conjecture U3
Vs

(G . 4-connected plane triangulation
= v G :spanning K -linked U1

U9

v (G . spanning 2-linked

Theorem
(This conjecture is true for 5-conn. plane triangulation

(Yu"98) G :5-conn. plane triangulation = G : K, -linked

7\
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4-connected plane triangulation

k-ordered” + **Hamiltonian” |

- Conjecture
(G . 4-connected plane triangulation

= v G :spanning K, -linked

v (G . spanning 2-linked

Theorem
(This conjecture is true for 5-conn. plane triangulation

(Yu'98) @ :5-conn. plane triangulation = G : K, -linked

Conjecture
G : 5-conn. plane trlangulatlon — G spannlngK -linked

June l {‘[n AULO ITITITC ULC[L} I LLL/UL_)’ UIT Ll,J_
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Results and problems for triangulations

Plane P.P., Torus, K-bottle Other surfaces
-linked 4-conn. 5-conn. | 4-conn. 5-conn. 4-conn. 5-conn.
2 K> O O
c, | O | O
kK, O | O
Ky ¢ @,
25| ? O
£ Ci| ? O
S Ky | 7? O
Ky | R ?
7 N\
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4-connected plane triangulation

Theorem

(G . 5-connected plane triangulation
= G : 4-ordered Hamiltonian

k-ordered” + **Hamiltonian”” |

Conjecture
(G . 4-connected plane triangulation

= @G : 4-ordered Hamiltonian

June 17th, 2015 Algorithmic Graph Theory on the

Adriatic Coast

7\

43



The case of other surfaces

Theorem

(G . 4-connected triangulation of the projective plane
—> (1) G : Hamiltonian (Thomas & Yu, 94)

(II) G : 4-ordered (Mukae & Oz., 10)

k-ordered” + **Hamiltonian”” |

Conjecture
(G . 4-connected plane triangulation

= @G : 4-ordered Hamiltonian
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The case of other surfaces

Theorem
(G . 4-connected triangulation of the projective plane
—> (1) G : Hamiltonian (Thomas & Yu, 94)

(II) G : 4-ordered (Mukae & Oz., 10)

k-ordered” + **Hamiltonian”” |

1 Conjecture

(7 : 4-connected triangulation of the projective plane
— @G : 4-ordered Hamiltonian

7\
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The case of other surfaces

Theorem

(G . 4-connected triangulation of the projective plane
—> (1) G : Hamiltonian (Thomas & Yu, 94)

(II) G : 4-ordered (Mukae & Oz., 10)

The case of the (ours
(I) Hamiltonian (Kawarabayashi & Oz. ??)

(I1) 4-ordered (Mukae & Oz., "10)
The case of the surface of genus > 2
() "Hamiltonian” is false
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The case of other surfaces

Conjecture

(G . 4-connected triangulation of the projective plane
— v G K, -linked
v G :spanning K, -linked

k-ordered” + **Hamiltonian”” |

1 Conjecture

(7 : 4-connected triangulation of the projective plane
— G : 4-ordered Hamiltonian

7\
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Results and problems for triangulations

Other surfaces
(locally planar)

Plane

P.P., Torus, K-bottle

-linked 4-co

5-conn. 4-conn. 5-conn.

4-conn.

5-conn.

2 K>

spanning
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Results and problems for triangulations

Other surfaces
(locally planar)

-linked 4-co

Plane

P.P., Torus, K-bottle

5-conn. 4-conn. 5-conn.

4-conn.

5-conn.

2 K>

spanning

June 17th, 2015
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Other problems

e What about the (non-planar) case of non-triangulation?
e What about other linkages??

v KoUPs, C5, Ko UKs3 ---

(Those are impossible for planar case,
but might be possible for other surfaces)
Problem

(G . 5-connected non-planar triangulation
— G : 5-ordered ( C5-linked)
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Thank you for your attention




